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Abstract 


The Umbral Moonshine Conjectures assert that there are infinite-dimensional graded mod- 
ules, for prescribed finite groups, whose McKay-Thompson series are certain distinguished mock 
modular forms. Gannon has proved this for the special case involving the largest sporadic sim- 
ple Mathieu group. Here we establish the existence of the umbral moonshine modules in the 
remaining 22 cases. 
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1 Introduction and Statement of Results 


Monstrous moonshine relates distinguished modular functions to the representation theory of the 
Monster, M, the largest sporadic simple group. This theory was inspired by the famous observations 
of McKay and Thompson in the late 1970s that 


196884 = 1 + 196883, 
21493760 = 1 + 196883 + 21296876. 


The left hand sides here are familiar as coefficients of Klein’s modular function (note q := e77), 
CO 
I(r) = Y e(n)q" := i(r) — 744 = q^! + 196884 + 214937609? +... 
n=-—1 


The sums on the right hand sides involve the first three numbers arising as dimensions of irreducible 
representations of M, 


1, 196883, 21296876, 842609326, ..., 258823477531055064045234375. 


Thompson conjectured that there is a graded infinite-dimensional M-module 


Vem Du 


n--1 


satisfying dim(Vİİ) — c(n). For g € M, he also suggested to consider the graded-trace functions 


co 


T,(r) = 27 tr(g|V;)a", 


n=-1 


now known as the McKay- Thompson series, that arise from the conjectured M-module V?. Using 
the character table for M, it was observed that the first few coefficients of each T; (+) coincide 
with those of a generator for the function field of a discrete group T; < SLə(R), leading Conway 
and Norton to their famous Monstrous Moonshine Conjecture: This is the claim that for each 
g € M there is a specific genus zero group T; such that T,(7) is the unique normalized hauptmodul 
for Ty, i.e., the unique T,-invariant holomorphic function on H which satisfies T,(7) = q `! + O(q) 
as S(T) — oo, and remains bounded near any cusp not equivalent to the infinite one. 

In a series of ground-breaking works, Borcherds introduced vertex algebras [2], and generalized 
Kac-Moody Lie algebras [B][4], and used these notions to prove the Monstrous Moonshine 
Conjecture of Conway and Norton. He confirmed the conjecture for the module V* constructed by 
Frenkel, Lepowsky, and Meurman in the early 1980s. These results provide much more than 
the predictions of monstrous moonshine. The M-module V! is a vertex operator algebra, one whose 
automorphism group is precisely M. The construction of Frenkel, Lepowsky and Meurman can be 
regarded as one of the first examples of an orbifold conformal field theory. (Cf. [23].) Here the 
orbifold in question is the quotient (R*4/A 4) /(Z/2Z), of the 24-dimensional torus A24 öz R/Ax = 
R**/Ao4 by the Kummer involution z — —z, where Az4 denotes the Leech lattice. 

We refer to [24|[32|[B51[B6] for more on monstrous moonshine. 
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In 2010, Eguchi, Ooguri, and Tachikawa reignited moonshine with their observation that 
dimensions of some representations of M54, the largest sporadic simple Mathieu group (cf. e.g. 
PORI), are multiplicities of superconformal algebra characters in the K3 elliptic genus. This 
observation suggested a manifestation of moonshine for M24: Namely, there should be an infinite- 
dimensional graded M54-module whose McKay- Thompson series are holomorphic parts of harmonic 
Maass forms, the so-called mock modular forms. (See for introductory accounts of the 
theory of mock modular forms.) 

Following the work of Cheng [10], Eguchi and Hikami [27], and Gaberdiel, Hohenegger, and 
Volpato [331134], Gannon established the existence of this infinite-dimensional graded M34-module 
in [27]. 

It is natural to seek a general mathematical and physical setting for these results. Here we 
consider the mathematical setting, which develops from the close relationship between the monster 
group M and the Leech lattice A24. Recall (cf. e.g. [20]) that the Leech lattice is even, unimodular, 
and positive-definite of rank 24. It turns out that M54 is closely related to another such lattice. 
Such observations led Cheng, Duncan and Harvey to further instances of moonshine within the 
setting of even unimodular positive-definite lattices of rank 24. In this way they arrived at the 
Umbral Moonshine Conjectures (cf. 85 of [15], 86 of [16], and 82 of [17]), predicting the existence 
of 22 further, graded infinite-dimensional modules, relating certain finite groups to distinguished 
mock modular forms. 

To explain this prediction in more detail we recall Niemeier's result that there are 24 (up to 
isomorphism) even unimodular positive-definite lattices of rank 24. The Leech lattice is the unique 
one with no root vectors (i.e. lattice vectors with norm-square 2), while the other 23 have root 
systems with full rank, 24. These Niemeier root systems are unions of simple simply-laced root 
systems with the same Coxeter numbers, and are given explicitly as 


AT, AP, AB, A3, Ağ, Alo, 
A8D4, A2D2, Ag, ADe, Au DyEs, AisD9, Ar7E7, Aza, (1.1) 
D$, Dé, Dö, DipE?, Diz, DisEs, Dos, Es, Ex, 


in terms of the standard ADE notation. (Cf. e.g. or for more on root systems.) 

For each Niemeier root system X let NX denote the corresponding unimodular lattice, let WX 
denote the (normal) subgroup of Aut(N4) generated by reflections in roots, and define the umbral 
group of X by setting 


G^ := Aut(N*)/W*. (1.2) 


(See FA. 1] for explicit descriptions of the groups G.) 

Let m” denote the Coxeter number of any simple component of X. An association of dis- 
tinguished 2m*-vector-valued mock modular forms He C» Hr) to elements g € G“ is 
described and analyzed in [15H17]. 

For X = A?4 we have GX ~ My, and mY = 2, and the functions H . (7) are precisely the 
mock modular forms assigned to elements g € M54 in the works mentioned above. 
Generalizing the M24 moonshine initiated by Eguchi, Ooguri and Tachikawa, we have the following 
conjecture of Cheng, Duncan and Harvey (cf. 82 of or 89.3 of [24]). 
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Conjecture (Umbral Moonshine Modules). Let X be a Niemeier root system X and set m : m”. 


There is a naturally defined bi-graded infinite-dimensional G% -module 


X _ e D RT “puda (1.3) 


r€ IX DeZ, D<0, 
D=r2 (mod 4m) 


such that the vector-valued mock modular form H; 2 = (H; X ) is a McKay-Thompson series for K4 
related] to the graded trace of g on KY by 


HX (z) =—2q má + YT tifl” pjm)?” (1.4) 
DeZ, D<O, 
D=r? (mod 4m) 


for r € Is. 


m and (LA) the set 1% C Z/2mZ is defined in the following way. If X has an A-type 
component then 1% :— {1,2,3,...,m—1}. If X has no A-type component but does have a D-type 
component then m = 2 mod 4, and 1% := {1,3,5,...,m/2}. The remaining cases are X = Ef 
and X = Ej. m the former of these, 1% :— (1,4,5), and in the latter case IX := (1,7). 


Remark. The functions H, m (7) are defined explicitly in An alternative description in terms 
of Rademacher sums is given in 4B.4 


Here we prove the following theorem. 
Theorem 1.1. The umbral moonshine modules exist. 


Two remarks. 
1) Theorem [LI] for X = A?1 is the main result of Gannon's work [37]. 


2) The vector-valued mock modular forms H* — (H "m have “minimal” principal parts. This 
minimality is analogous to the fact that the original McKay-Thompson series T,(7) for the Monster 
are hauptmoduln, and plays an important role in our proof. 


Example. Many of Ramanujan's mock theta functions [46] are components of the vector-valued 


umbral McKay-Thompson series H 7 (H; X). For example, consider the root system X = AP, 


whose umbral group is a double cover 2. Miz of the sporadic simple Mathieu group Mj». In terms 


‘In the statement of Conjecture 6.1 of the function HZ, in is replaced with 3HZ,. in the case that 
X = Ağ. This is now known to be an error, arising from a misspecification of some of the functions H A for X = Aj. 
Our treatment of the case X = Ağ in this work reflects the corrected specification of the corresponding H eu which is 
described and discussed in detail in [17]. 
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of Ramanujan's 3rd order mock theta functions 


oo qa 
fa) = 1+) E Gay 


(Lu AG pb) 


n=l 
oo 2 
ül —— ——— 
CA Ng (LY HA) 
99 2n(n--1) 
q 
w(q) = TUY 71 a 
(= capa OP 
a > g2n(n+1) 
“unun: 10 


we have that 


H351(7) = H351(7) = Hö. T)=-2q 12 i 
-27% .x( 


(T) = 
(T) = 
7) = Höb (1) = -247E - 6(-q?), 
(z) = 
(e 


X — px 
Hóc1 T) = Hóp4 T 


( 
Hšca( 
Hg (r 
Hgo (T 
See 85.4 of for more coincidences between umbral McKay-Thompson series and mock theta 
functions identified by Ramanujan almost a hundred years ago. 


) = -H365(7 4g? -w(—q), 
YEE 


x 
= —Hén 2 T 


Our proof of Theorem involves the explicit determination of each G*-module K* by com- 
puting the multiplicity of each irreducible component for each homogeneous subspace. It guarantees 
the existence and uniqueness of a AK“ which is compatible with the representation theory of GX 
and the Fourier expansions of the vector-valued mock modular forms H A =F 77) 

At first glance our methods do not appear to shed light on any deeper algebraic properties of the 
K X, such as might correspond to the vertex operator algebra structure on V?, or the monster Lie 
algebra introduced by Borcherds in [5]. However, we do determine, and utilize, specific recursion 
relations for the coefficients of the umbral McKay-Thompson series which are analogous to the 
replicability properties of monstrous moonshine formulated by Conway and Norton in 88 of 
(cf. also Hİ). More specifically, we use recent work of Imamoglu, Raum and Richter, as 
generalized by Mertens, to obtain such recursions. 'These results are based on the process of 
holomorphic projection. 


Theorem 1.2. For each g € GX and 0 € r € m, the mock modular form Hö) is replicable in 
the mock modular sense. 


A key step in Borcherds’ proof [5] of the monstrous moonshine conjecture is the reformulation of 
replicability in Lie theoretic terms. We may speculate that the mock modular replicability utilized 
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in this work will ultimately admit an analogous algebraic interpretation. Such a result remains an 
important goal for future work. 

In the statement of Theorem [1.2] replicable means that there are explicit recursion relations 
for the coefficients of the vector-valued mock modular form in question. For example, we recall the 
recurrence formula for Ramanujan’s third order mock theta function f(q) = 377 cr(n)q" that 
was obtained recently by Imamoglu, Raum and Richter [41]. If n € Q, then let 


ailn) := 
i 0 otherwise, 


sgn(n) ifn £0, 
1 if n — 0, 


and then define .. _ . 
d(N, Ñ t, Ù — sgn^(N) -sgn*(N)- (IN ++ = IN +7) 


Then for positive integers n, we have that 


> (m + : ) C (v d l m) 

_ Jer oe = 
- 6 2 2 
3m2+m<2n 


where N := «(—3a +b-— 1) and N — «(3a -- b — 1), and the sum is over integers a,b for which 
N,N € Z. This is easily seen to be a recurrence relation for the coefficients c f (n). The replicability 
formulas for all of the Ho) are similar (although some of these relations are slightly more 
complicated and involve the coefficients of weight 2 cusp forms). 

It is important to emphasize that, despite the progress which is represented by our main results, 
Theorems and [1.2] the following important question remains open in general. 


Question. Is there a “natural” construction of KX ? Is K* equipped with a deeper algebra structure 
as in the case of the monster module V? of Frenkel, Lepowsky and Meurman? 


We remark that this question has been answered positively, recently, in one special case: A 
vertex operator algebra structure underlying the umbral moonshine module KX for X = E3 has 
been described explicitly in [25]. See also [14][26], where the problem of constructing algebraic 
structures that illuminate the umbral moonshine observations is addressed from a different point 
of view. 

The proof of Theorem is not difficult. It is essentially a collection of tedious calculations. 
We use the theory of mock modular forms and the character table for each G* (cf. to solve 
for the multiplicities of the irreducible G*-module constituents of each homogeneous subspace in 
the alleged G*-module K*. To prove Theorem it suffices to prove that these multiplicities 
are non-negative integers. To prove Theorem we apply recent work of Mertens on the 
holomorphic projection of weight i mock modular forms, which generalizes earlier work of 
Imamoglu, Raum and Richter. 
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In 42] we recall the facts about mock modular forms that we require, and we prove Theorem 
We prove Theorem in The appendices furnish all the data that our method requires. In 
particular, the umbral groups G4 are described in detail in JA] and explicit definitions for the 
mock modular forms H 5 (T) are given in 


2 Harmonic Maass forms and Mock modular forms 


Here we recall some very basic facts about harmonic Maass forms as developed by Bruinier and 
Funke [9] (see also [45]). 

We begin by briefly recalling the definition of a harmonic Maass form of weight k € iZ and 
multiplier v (a generalization of the notion of a Nebentypus). If r = x + iy with x and y real, we 
define the weight k hyperbolic Laplacian by 


p. ə? 9 9 
.— 22 " : 
“un. (= T Z) m (Z eig) ia 


Suppose T is a subgroup of finite index in SLə(Z) and k € 2Z. Then a function F(T) which is 
real-analytic on the upper half of the complex plane is a harmonic Maass form of weight k on T 
with multiplier v if: 


(a) The function F(7) satisfies the weight k modular transformation, 


F(r)ley = v(y)Ftr) 


b 
d 
square root is taken to be the principal branch. 


for every matrix y — ET, where F(7)|py := F(yr)(er + d) Ë, and if k e Z + >, the 
(b) We have that A¿F (7) = 0, 


(c) There is a polynomial Pp(q7*) and a constant c > 0 such that F(T) — Ppr(e?77) = O(e7Y) 
as T - ico. Analogous conditions are required at each cusp of T. 


We denote the C-vector space of harmonic Maass forms of a given weight k, group T and 
multiplier v by H(I, v). If no multiplier is specified, we will take 


IN 2k 


where (5) is the Kronecker symbol. 


2.1 Main properties 


The Fourier expansion of a harmonic Maass form F (see Proposition 3.2 of [9]) splits into two 
components. As before, we let q :— e?'7. 
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Lemma 2.1. If F(T) is a harmonic Maass form of weight 2 — k for T where 3 «ke 3Z, then 


F(r) =F*(r) + F (7), 


where F* is the holomorphic part of F, given by 


F*(r)= 27 ep(n)a” 


n2-—oo 


where the sum admits only finitely many non-zero terms with n « 0, and F7 is the nonholomorphic 
part, given by 


F (z) = ) eg(n)T(k — 1, 4ny|nDg". 
n<0 


Here Y(s,z) is the upper incomplete gamma function. 


The holomorphic part of a harmonic Maass form is called a mock modular form. We denote 
the space of harmonic Maass forms of weight 2 - k for T and multiplier v by Hy(T, v). Similarly, 
we denote the corresponding subspace of holomorphic modular forms by My(T',v), and the space 


of cusp forms by S;(I,v). The differential operator €, := 2i" 9. (see [9]) defines a surjective map 


E2 k : H» (T, v) > S,(T,7) 


onto the space of weight k cusp forms for the same group but conjugate multiplier. The shadow 
of a Maass form f(T) € H3 &(T,v) is the cusp form g(r) € SL(T,7) (defined, for now, only up to 
scale) such that £9 k f(T) = TT” where İl e İl denotes the usual Petersson norm. 


2.2 Holomorphic proyection of vveight 1 mock modular forms 


As noted above, the modular transformations of a weight i harmonic Maass form may be simplified 
by multiplying by its shadow to obtain a weight 2 nonholomorphic modular form. One can use 
the theory of holomorphic projections to obtain explicit identities relating these nonholomorphic 
modular forms to classical quasimodular forms. In this way, we may essentially reduce many 
questions about the coefficients of weight > mock modular forms to questions about weight 2 
holomorphic modular forms. The following theorem is a special case of a more general theorem due 


to Mertens (cf. Theorem 6.3 of [42]). See also [41]. 


Theorem 2.2 (Mertens). Suppose g(T) and h(r) are both theta functions of weight 3 contained in 
Sa (T, ız) and S3(T,7p) respectively, with Fourier expansions 
2 2 


S 


g(t) : = Y nxin)”, 


i=1 n€Z 


h(r) iz Y Y apa”, 


j=1neZ 
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where each x; and y, is a Dirichlet character. Moreover, suppose h(T) is the shadow of a weight > 
harmonic Maass form f(T) € Hi (T, Tn). Define the function 


oo 
Dİ9(r) := 2 — > > xi(m)v; (n)(m — n)q". 
Tİ xı”) m,neZz* 
m —n?—r 
If f(7)g(7) has no singularity at any cusp, then f*(r)g(r) + DİS(T) is a weight 2 quasimodular 
form. In other words, it lies in the space CEə(r) 6 MƏT, vgTn), where E»(T) is the quasimodular 


, . . nq" 
Eisenstein series E5(T) :— 1 — 24 . 
2(7) 2 TG 


Two Remarks. 

1) These identities give recurrence relations for the weight > mock modular form f* in terms of 
the weight 2 quasimodular form which equals f *(7)g(7) + D#:9 (+). The example after Theorem [L2] 
for Ramanujan's third order mock theta function f is an explicit example of such a relation. 


2) Theorem [2.2] extends to vector-valued mock modular forms in a natural way. 


Proof of Theorem LA, Fix a Niemeier lattice and its root system X, and let M = m* denote its 
Coxeter number. Each H 2r) is the holomorphic part of a weight 3 harmonic Maass form H oir) 
To simplify the exposition in the following section, we will emphasize the case that the root system 
X is of pure A-type. If the root system X is of pure A-type, the shadow function SEF) is given 


by X Sur(7) (see TB.2), where 


ng 
Sy (T) = > n qa, 
neZ 
ner (mod 2M) 


and = x^ Or Ka” depending on the parity of r is the twisted Huler character given in the 


appropriate table in a character of G4. (If X is not of pure A-type, then the shadow function 


SZ, (z) is a linear combination of similar functions as described in $B.2]) 


Given X and g, the symbol ny|h, given in the corresponding table in JA.3]defines the modularity 
for the vector-valued function (H 2) In particular, if the shadow (52.(7)) is nonzero, and if 
for y ET9(ng) we have that 

(S3(7))|3/27 = 09 y (S, (7); 


then 


(HA 1/1 HAAN). 
Here, for y € To(n,), we have ogy = Yy(y)0%,, where vg(y) is a multiplier which is trivial on 
To(nghg). This identity holds even in the case that the shadow sz vanishes. 
The vector-valued function (H a (7)) has poles only at the infinite cusp of To(ng), and only at the 
2 


component H ot) where r = 1 if X has pure A-type, or at components where r^ = 1 (mod 4M) 


otherwise. These poles may only have order 77. This implies that the function (H. vtr) 


has no pole at any cusp, and is therefore a candidate for an application of Theorem [2.2] 
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The modular transformation of S5 r(T) implies that 


less" = (Cer) Y =1 


1 0 1 

a scalar-valued modular function, is modular on T(4M), and so (H 5/9) is a weight 2 
nonholomorphic scalar-valued modular form for the group I(4M)N To(ng) with trivial multiplier. 

Applying Theorem we obtain a function FZ (z) call it the holomorphic projection of 
HX (r)SX. (7) which is a weight 2 quasimodular form on l'(4M) nnTo(n;). In the case that Br) 
is zero, we substitute SZ (r) in its place to obtain a function FX (r) = AX (r)Sz (r) which is a 
weight 2 holomorphic scalar-valued modular form for the group I(4M) OTo(ng) with multiplier vj 
(alternatively, modular for the group P(4M) NT o(nghg) with trivial multiplier). 

The function FZ (z) may be determined explicitly as the sum of Eisenstein series and cusp 
forms on I(4M)NT9(nghg) using the standard arguments from the theory of holomorphic modular 
forms (i.e. the “first few” coefficients determine such a form). Therefore, we have the identity 


where S = G . f= E Ü and I is the identity matrix. Therefore Sys (T); viewed as 


50” (2.2) 


vrhere the function DEC) is the correction term arising in Theorem If X has pure A-type, 
then 


N. 


DET) = (%4 M) %(m)%é.(n)(m - n), (2.3) 


where 


0 otherwise. 


6,(1) = m if Fm r (mod 2M) 


oo 
Suppose Hum = Y ` AX. (ng i where 0 < D < 4M and D = r? (mod AM), and FZ (z) = 
n=0 


y BX.(n)q”. Then by Theorem [2.2] we find that 


N=0 
X XA y X D-m? XA y2 Y 
B+ (N) = Xg,r m: 5 N T AM i Na ) br (m) or (n)(m m n). 
mez m,neZ” 
m=r (mod 2M) m-n =N 


(2.4) 


The function FZ (T) may be found in the following manner. Using the explicit prescriptions 
for H Z (z) given in and (2.2) above, we may calculate the first several coefficients of each 
component. The Eisenstein component is determined by the constant terms at cusps. Since E (z) 
(and the corresponding correction terms at other cusps) has no constant term, these are the same as 
the constant terms of H Z TSŽ, (r), which are determined by the poles of HZ. Call this Eisenstein 
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component EZ, (z). The cuspidal component can be found by matching the initial coefficients of 
Er) zü ET). 

Once the coefficients B (n) are known, equation (2.4) provides a recursion relation which may 
be used to calculate the coefficients of H 77 If the shadovvs S ur) are zero, then we may apply 


oo 
a similar procedure in order to determine F 7 (7). For example, suppose F cu = pa BX..(n)q”, 
N=0 


and X has pure A-type. Then we find that the coefficients BX(N ) satisfy 


BX (N) = XZA AR ly. 

g UN) = Xə? pa —. t-m (2.5) 
mEZ 

m=r (mod 2M) 


Proceeding in this way we obtain the claimed results. L1 


3 Proof of Theorem 1.1 


Here we prove Theorem The idea is as follows. For each Niemeier root system X we begin 
with the vector-valued mock modular forms (H, A (7)) for g € GX. We use their q-expansions to 
solve for the q-series whose coefficients are the alleged multiplicities of the irreducible components 
of the alleged infinite-dimensional GX -module 


2498 TX 
K- © Do É pam: 
r (mod 2m) DcZ, D0, 
D—r? (mod 4m) 
These q-series turn out to be mock modular forms. The proof requires that we establish that these 
mock modular forms have non-negative integer coefficients. 


Proof of Theorem [LT] As in the previous section, we fix a root system X and set M :- m”, and 
we emphasize the case when X is of pure A-type. 
The umbral moonshine conjecture asserts that 


HX(r) = Y Y m NO NO 9 (3.1) 


n=0 x 


where the second sum is over the irreducible characters of GX. Here we have rewritten the traces 


of the graded components K —. /AM in in terms of the values of the irreducible characters 


of GX, where the mag (n) are the corresponding multiplicities. Naturally, if such a K% exists, 


these multiplicities must be non-negative integers for n > 0. Similarly, if the mock modular forms 


H ant) can be expressed as in with mö ,(n) non-negative integers, then we may construct the 


umbral moonshine module K explicitly with KX 


r,n—rYr 
components with the given multiplicities men). 
Let 


El DE (3.2) 
g 


2/4M defined as the direct sum of irreducible 
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x 


xr(n) required so that 


It turns out that the coefficients of HŽ, (T) are precisely the multiplicities m 


holds: if 


9o 2 
HA (r) = V mi. (n)g" ww, (3.3) 
n=0 
then 
oo 
HZ (z) = > > mí, (n)x(g)q" 39 
n=0 X 


Thus the umbral moonshine conjecture is true if and only if the Fourier coefficients of Ay tt) are 
non-negative integers. 
To see this fact, we recall the orthogonality of characters. For irreducible characters xı and xj, 


0 otherwise. 


1 1 ifxi=xj, 
123] $ xi(g)x;(g) = I : (3.4) 
We also have the relation for g and he GX, 


— Coax (g if g and h are conjugate, 
Nut) = 4 leeren | (3.5) 
x 0 otherwise. 


Here |Cox (g)l is the order of the centralizer of g in G*. Since the order of the centralizer times 
the order of the conjugacy class of an element is the order of the group, (3.2) and (3.5) together 
imply the relation 


TE NOD: 
x 


which in turn implies 

We have reduced the theorem to proving that the coefficients of certain weight > mock modular 
forms are all non-negative integers. For holomorphic modular forms we may answer questions of 
this type by making use of Sturm’s theorem [49] (see also Theorem 2.58 of [44]). This theorem 
provides a bound B associated to a space of modular forms such that if the first B coefficients of a 
modular form f(r) are integral, then all of the coefficients of f(T) are integral. This bound reduces 
many questions about the Fourier coefficients of modular forms to finite calculations. 

Sturm’s theorem relies on the finite dimensionality of certain spaces of modular forms, and 
so it can not be applied directly to spaces of mock modular forms. However, by making use of 
holomorphic projection we can adapt Sturm’s theorem to this setting. 

Let HZ, (z) be defined as above. Recall that the transformation matrix for the vector-valued 


function HX.(r)) is 755, the conjugate of the transformation matrix for (S2,(r)) when y € 
To(nghg), and oç, is the identity for y € T(4M). Therefore if 


NZ := lem[ngh, | g € G, x(g) Z 0}, 


then the scalar-valued functions HX (7) are modular on I(4M)N ro (NZ E 
Let 
Ay (T) := Hatun) 
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and let A, (r) be the holomorphic projection of Ay (T). Suppose that Hour has integral coef- 
ficients up to some bound B. Formulas for the shadow functions (cf. 4B.2) show that the leading 
coefficient of SH (r) is 1 and has integral coefficients. This implies that the function 


Ayr (z) = IS (7) 


also has integral coefficients up to the bound B. The shadow of HZ, (r) is given by 
1 — 
S dm .— IGX] NN ADE tr). 
g 


If X is pure A-type, then B = X24 Sy. P (T) = (x'(g) + x”(g))Su., (T) for some irreducible 


T 


characters y’ and x", according to ŞA.3land Therefore, 


“uu... 
? 0 otherwise. 


When X is not of pure A-type the shadow is some sum of such functions, but in every case has 
integer coefficients, and so, applying Theorem [2.2]to A, (7), we find that Ay r(T) also has integer 
coefficients up to the bound B. In particular, since Åy (r) is modular on T(4M) N To(N£), 
then if B is at least the Sturm bound for this group we have that every coefficient of Ay r(T) is 
integral. Since the leading coefficient of 5X (7) is 1, we may reverse this argument and obtain that 
every coefficient of I (z) is integral. Therefore, in order to check that H r) has only integer 
coefficients, it suffices to check up to the Sturm bound for D(4M)NT6(N,). These calculations were 
carried out using the sage mathematical software [47]. 

The calculations and argument given above shows that the multiplicities m p(n) are all integers. 
To complete the proof, it suffices to check that they are also are non-negative. The proof of this 
claim follows easily by modifying step-by-step the argument in Gannon's proof of non-negativity 
in the M54 case (i.e. X = A2). Here we describe how this is done. 

Expressions for the alleged McKay-Thompson series H 277) in terms of Rademacher sums 
and unary theta functions are given in Exact formulas are known for all the coefficients of 
Rademacher sums because they are defined by averaging the special function ə 7) (see (B.114)) 
over cosets of a specific modular group modulo Tç, the subgroup of translations. Therefore, 
Rademacher sums are standard Maass-Poincare series, and as a result we have formulas for each of 
their coefficients as convergent infinite sums of Kloosterman-type sums weighted by values of the 
İy, modified Bessel function. (For example, see or for the general theory, and for the 
specific case that X = A?4.) More importantly, this means also that the generating function for the 
multiplicities m ,(n) is a weight i harmonic Maass form, which in turn means that exact formulas 
(modulo the unary theta functions) are also available in similar terms. For positive integers n, this 
then means that (cf. Theorem 1.1 of [8]) 


IT _ s. s. az (m) >. KA (m,n, c) qx (I) | (3.6) 


I 
T C 
p m<0 na 


e=1 


where the sums are over the cusps p of the group Lo (NZ ), and finitely many explicit negative 
rational numbers m. The constants ax (m) are essentially the coefficients which describe the gen- 
erating function in terms of Maass-Poincaré series. Here Il is a suitable normalization and change 


of variable for the standard Tí ,> modified Bessel-function. 
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The Kloosterman-type sums K ng (m,n,c) are well known to be related to Salié-type sums (for 
example see Proposition 5 of [40]). These Salié-type sums are of the form 


x >` x gör 
Sp (m,n, c) E Ep (m, n) "€ z 2 
x (mod c) 


z?-—D(m,n) (mod c) 


X 
p 


form, and 6” is a nonzero positive rational number. 

These Salié sums may then be estimated using the equidistribution of CM points with discrim- 
inant —D(m,n). This process was first introduced by Hooley [38], and it was first applied to the 
coefficients of weight > mock modular forms by Bringmann and Ono [7]. Gannon explains how to 
make effective the estimates for sums of this shape in 84 of [37], thereby reducing the proof of the 
Mo, case of umbral moonshine to a finite calculation. In particular, in equations (4.6-4.10) of 
Gannon shows how to bound coefficients of the form in terms of the Selberg-Kloosterman 
zeta function, which is bounded in turn in his proof of Theorem 3 of [37]. We follow Gannon's 
proof mutatis mutandis. We find, for most root systems, that the coefficients of each multiplicity 
generating function are positive beyond the 390th coefficient. In the worst case, for the root system 
X = Ej, we find that the coefficients are positive beyond the 1780th coefficient. Moreover, the 
coefficients exhibit subexponential growth. A finite computer calculation in sage has verified the 
non-negativity of the finitely many remaining coefficients. O 


where €^ (m,n) is a root of unity, -D(m, n) is a discriminant of a positive definite binary quadratic 


Remark. lt turns out that the estimates required for proving non-negativity are the worst for the 
X = Ej case which required 1780 coefficients. 
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A The Umbral Groups 


In this section we present the facts about the umbral groups that we have used in establishing 
the main results of this paper. We recall (from [16]) their construction in terms of Niemeier root 
systems in SA.1] and we reproduce their character tables (appearing also in [16]) in JA.2] Note 
that we use the abbreviations a, :— Van and b, := (—1 + /—n)/2 in the tables of 

The root system description of the umbral groups (cf. gives rise to certain characters 
called twisted Euler characters which we recall (from [16]) in A.3] The data appearing in 
plays an important role in where we use it to describe the shadows B of the umbral McKay- 


Thompson series H A explicitly. 


A.1 Construction 


As mentioned in there are exactly 24 self-dual even positive-definite lattices of rank 24 up to 
isomorphism, according to the classification of Niemeier (cf. also [19][52]). Such a lattice L is 
determined up to isomorphism by its root system Ly : {a € L | (o, a) = 2). The unique example 
without roots is the Leech lattice. We refer to the remaining 23 as the Niemeier lattices, and we 
call a root system X a Niemeier root system if it occurs as the root system of a Niemeier lattice. 

The simple components of Niemeier root systems are root systems of ADE type, and it turns 
out that the simple components of a Niemeier root system X all have the same Coxeter number. 
Define m* to be the Coxeter number of any simple component of X, and call this the Cozeter 
number of X. 

For X a Niemeier root system write NZ for the corresponding Niemeier lattice. The umbral 
group attached to X is defined by setting 


GZ :— Aut(NX)/Ww* (A.1) 


where W“ is the normal subgroup of Aut(N4) generated by reflections in root vectors. 

Observe that G* acts as permutations on the simple components of X. In general this action 
is not faithful, so define G* to be the quotient of G* by its kernel. It turns out that the level of 
the mock modular form H via attached tog € G is given by the order, denoted ng, of the image of 
gin G*. (Cf. ŞA.3lfor the values ng.) 

The Niemeier root systems and their corresponding umbral groups are described in Table 
The root systems are given in terms of their simple components of ADE type. Here DjpE2, for 
example, means the direct sum of one copy of the Dio root system and two copies of the E7 root 
system. The symbol £ is called the lambency of X, and the Coxeter number m“ appears as the 
first summand of £. 

In the descriptions of the umbral groups GZ, and their permutation group quotients GZ, we 
write M»4 and Mj» for the sporadic simple groups of Mathieu which act quintuply transitively on 
24 and 12 points, respectively. (Cf. e.g. .) We write GL, (q) for the general linear group of 
a vector space of dimension n over a field with q elements, and SL,,(q) is the subgroup of linear 
transformations with determinant 1, &c. The symbols AGL3(2) denote the affine general linear 
group, obtained by adjoining translations to GL3(2). We write Dih, for the dihedral group of order 
2n, and Sym,, denotes the symmetric group on n symbols. We use n as a shorthand for a cyclic 
group of order n. 
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Table 1: The Umbral Groups 


X| AH AP AS AS AİD, Ag A2D? 
í | 2 3 4 5 6 7 8 

p M24 2.Mi» 2.AGL3(2) GLə(5)/2 GLə(3) SLə(3) Dih, 
G* Maa Mi» AGL3(2) PGLə(5) PGLə(3) PSL2(3) 2 

Xİ A A2 Dg A11 Dz Eg Año A15 Do AAE; Ags 
é| 9 10 12 13 16 18 25 

G* | Dihg 4 2 4 2 2 

GX | Sym; 2 1 2 1 1 1 

X| D D4 D? Dip E? Di, D46 Es Doj 
é | 643 104-5 14-7 18+9 22411 30-15 46-23 
p 3.Symg Sym, Syma 2 2 1 1 

gö Syme Sym, Sym; 2 2 1 1 

X| E E3 

£ | 1244 30-6,10,15 

G* GLə(3) Symz 

GX | PGLa(3) Symz 
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We also use the notational convention of writing A.B to denote the middle term in a short exact 


> A 


sequence 1 


> AB 


3 B 


> 1. This introduces some ambiguity which is nonetheless easily 


navigated in practice. For example, 2.M2 is the unique (up to isomorphism) double cover of Mi» 
which is not 2 x Mi». The group AGL3(2) naturally embeds in GL4(2), which in turn admits a 
unique (up to isomorphism) double cover 2.GL4(2) which is not a direct product. The group we 
denote 2.AGL3(2) is the preimage of AGL3(2) < GL4(2) in 2.GL4(2) under the natural projection. 


A.2 Character Tables 


20 


> > >g >< >e o > Ba ho RR 


> 
N 
o 


FS | 


Table 2: Character table of GX ~ Maa, X = AM 


7A 7B 8A 10A 11A 12A 12B 14A 14B 15A 15B 21A 21B 23A 23B 


7A 7B 15A 15B 21A 21B 23A 23B 
14B 14A 5A 5A 7B TA 23A 23B 
14B 14A 3A 3A 21B 21A 23B 23A 
2A 2A 15B 15A 3B 3B 23B 23A 


7B SA 10A 1A 12A 12B 14A 14B 15B 15A 21A 21B 23B 23A 
7B 8A 10A 11A 12A 12B 14A 14B 15A 15B 21A 21B 1A 1A 


1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 

IA 1A 1A 3A 3B 2A 2A 2B 5A 3A 3B 7A 7B 4B 5A 11A 6A 6B 
IA 2A 2B 1A 1A 4A 4B 4C 5A 2A 2B 7B 7A 8A 10A 11A 4A 4C 
1A 2A 2B 3A 3B AA 4B 4C 1A 6A 6B 7B 7A 8A 2B 11A 12A 12B 
1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 1A 1A 8A 10A 11A 12A 12B 
1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 

IA 2A 2B 3A 3B AA 4B 4C 5A 6A 6B 7A 

f 174 1d ài i N 1 1 1 1 Y 11 1 i 1 d 
23 7-1 5-1-1 3-1 3 1-1 2 2 1-1 1-1 -1 
45 -3 5 0 3-3 1 1 0 0-1 b b-1 0 1 0 1 
45 -3 5 0 3-3 11 0 0-1 bz b-1 0 1 0 1 
294 7 =9 -3 6:11 3 í LÜ 0 G-t 1 Ub d 
Bt 7 0 —3 0-1-1 #1100 Del 1 el 9 
252 28 12 9 0 44 02 10000 2-1 1 0 
253 13-11 10 1-3 1 1 3-2 1 1 1-1-1 0 0 1 
483 35 3 6 03 3 3-2 2 0 0 0—1 —2 — 0 0 
Ti —4 10 5-7 9-22 0 1 1 0 0 0 0 0 -1 1 
770 —14 10 5-7 32-9234 0 1 1 0 0 0 0 O-L 1 
990-18-10 0 3 6 2-2 0 O-1 by br 0 0 0 0 1 
990-18-10 0 3 6 2-2 0 0-1 by by 0 0 O 0 1 
1085. 27 35 0 6 3-13 0 0 2-14) 1 0 1 0 $9 
1035-21 -5 0-3 3 3-1 0 0 12b 26-1 0 1 0-1 
1035-21 -5 0-3 3 3-1 0 0 12b 26-1 0 1 0-1 
1265 49-15 5 8-7 1-3 0 1 0-—2-3 1 0 0 —-1 0 
1771-21 11 16 7 3-5-1 1 0-1 0 0-1 1 0 0-1 
2024 8 24 -1 8 8 0-1-1 0 1 1 0-1 0-1 0 
2077 21-19 (0-2 1-3-3 0 2 2 KA dX 0 0 0 
3312. 48 16 0-6 0 0 0-9 0-2 1 I 0 1 1 0 O 
3520 64 0 10-8 0 0 0 0-2 0-1-1 0 0 0 0 0 
5313 49 9-15 0 1-3-3 3 1 0 0 0-1 -1 0 1 0 
5544 —56. 24 9 0-8 0 0—1 1 0 d 0 0-1 0 1 0 
5796 —28 36 —9 0—4 4 0 1—1 0 0 0 0 1-1-1 0 
10395 -21-45 0 0 3-1 3 0 0 O O 0 1 0 0 0 O 


İb £ X 4 d 4 i i 
0 0 0 © =) si 0 0 
-b-b 0 0 b by 
—br —bç 0 0b by 


0 0 bis bis 0 0 1 1 
0 0 bs bs 0 0 1 1 
Ü.- f =f 0 0-1. =i 
—1 -1 d 1 1 0 0 
0 0 1 0 0 0 0 
0 0 0 0 0 b boz 
0 0 0 0 O da bos 
b dr 0 by b 1 1 
br br 0 b7 br 

—1 1 0 sal “al 

0:0 0 —b, -b7 


Oorroocooorroooooooo»- 
o 
= 
— 
Rororoooooooor- 


| 
oooorrorooo 

| 
oooorrorooo 
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m l< m Pm < .— r —.——. 
NAN NAN dS 
Nf] NN N 
NAAN < 4.2: 
=l | — c x x D AD 
H| — — x 
zm na” E Se eue ues 
aq | ANNAN ols 
NJAA 8 
7155621 0. 99 a S 
SAC — E an! ols 
— | re 
= | @ = | | Í| | | | 
Nf] N CY 
KAHANAY AO HOO HAO AH 
olooxXxo |`] À | | | 
qalma N 
NI DmNMO nm] —=— OO HO AHHH O0o0o 
oo | * o0 00 G | | | | 
a OIDO AQOH 700 0omn TT Or ooo 
E oo | + 00 oo 00 | | | | 
mlmm «rn — — — @— CO Me ME HO eee! 
Il QO | * cO oo oo | | |: | 
pi =Tw|m =< m [H-HHO cxULc8-Cczroco 
` o | * cO 00 cO | | | | 
s nleDoDn anim 8 cHLHU co 
= SINNA oS | | | 
| @ | o q OS | | | 
> N| O + c ao | | | | 
oO uml T + 
Y < | —< HAHAHAAH O AO A A 
° = | xa ONS | | 
o = = = 
2 alud are |" AAA H020007— KONG 
E: io fi +10 | | 
E OİQO O Q İH 007 N "7"? e q OOO 
2 SS | || | 
3 m|m mm mm l l =— =— = ooa N AA ANA 
H = | xi — x | | | | 
= m | m =< m @m | = = = = — ç nn n oco: 
O co | co nao o ME | d 
ç c° | € — c c | | | d 
2 KLAKAHIANNNNO0HH4HH4 MOM Ot 
5 qə SR || | 
H aloe et et lHNNNNTOHHHMOMOH 
c; | cç; — c c5 | |! | 
ODÍXOOO HQ QD DOM O hk CH €? OOO 
ASA A AQ | | | | 
mlaanam|[H- s co CD Ə cç £ r= — — G c° DOO 
N| ANNAN | | | | 
d|a < =< =< İİ = = io çO YQ iQ an OWS 
s+ İ eq s+ oRB | | | | | | | 
<| < < =< a — = ° ° iO = io io o mn o =h 
— — x — 1 10 010 O O MN r- 
olla s AA ER 
— DOON aoa a oto 
salı 33 — — c c =H iÓ aO ao ab Qo O CY Te 
mT— F— c 
a tF+t+oo++4+4+4+4+4+4+4+44 
—|& TELANG Akma = 8 9 = 
S[ SSS & & ee X Xx X X> >Z > RLS 


0 
0 


0 
0 


1-1 də d2 ag Q2 


1-1 


0 
0 


0 
0 
—2 
—2 


1-1-2 2 0 0 0 
1-1-2 2 0 0 0 


-10 0-2 2 


10 
10 
12 
32 


o 


X16 


a2 ag 


a2 a2 


-10 0-2 2 


o 
+ 


X17 


—12 0 4-4 3-3 0 0 0 0 2 


X18 


0 


0 


0 0 0 O 0 0 0 


-32 0 0 0-4 4 2-2 0 0 2 


-44 0 4-4-1 


X19 


2-2 0 0-1 
2-2 0 0-1 


1 
1 


44 


44 
110-110 0-6 6 2-2 2-2 0 0 O 


o 


X20 


-44 0 4-4-1 


X21 


0 
0 


0 0 0 az a üz az 
0 0 O 


0 
0 


o 


X22 


0 
1 


0 
-1 


0 
1 


0 
0 


a2 


a2 a2 a2 


110-110 0-6 6 2-2 2-2 0 0 O 


o 


+ 


o 


X23 


—1 
0 —b11 


120-120 0 8-8 3-3 0000 O 


X24 


0 0 000 0 0 0 bıı —b11 bi 
0 


0 0 0 O 0 O 0 


0 
0 


160-160 0 0 0-2 2-2 2 0 0 O 


X25 
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ba bu —bii bu 


160-160 0 0 0-2 2-2 2 0 0 O 


o 


X26 
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Table 4: Character table of GX ~ 2.AGL3(2), X = Af 
2A 2B 4A 4B 2C 3A 6A 6B 6C 8A 4C 7A 14A 7B 14B 
IA 1A 2A 2B 1A 3A 3A 3A 3A 4A 2C 7A TA 7B 7B 
2A 2B 4A 4B 2C 1A 2A 2B 2B 8A 4C 7B 14B TA 14A 
2A 2B 4A 4B 2C 3A 6A 6B 6C 8A 4C 1A 2A 1A 2A 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
3 3 -1 -1 =i 0 0 0 O 1 1 by bz b dr 
3 3 -1 -1 -1 0 0 0 0 1 1 b, üz bh b7 
6 6 2 2 2 0 0 0 0 0 0 1 1 1 1 
7 7 -1 -1 -1 1 1 1 1 -1 -1 0 0 0 0 
8 8 0 0 0 1 1 1 1 0 0 1 1 1 1 
7 -1 3 -1 -1 1 1 -1 -1 1 -1 0 0 0 0 
7 -1 -1 -1 3 1 1 -1 -1 -1 1 0 0 0 0 
14 —2 2 —2 2 —1 -1 1 1 0 0 0 0 0 0 
21 —3 1 1 —3 0 0 0 0 -1 il 0 0 0 0 
21 -3 —3 1 1 0 0 0 0 1 -1 0 0 0 0 
-8 0 0 0 0 2 —2 0 0 0 0 1 -1 1 -1 
-8 0 0 0 0 -1 1 a a 0 0 1 -1 1 -1 
-8 0 0 0 0 -1 l @ ag 0 0 1 -1 1 -1 
-4 0 0 0 0 0 0 0 0 0 öz, -b, b, bd 
—24 0 0 0 0 0 0 0 0 0 0 b; -b7 b -b?7 
Table 5: Character table of GX ~ GL2(5)/2, X = Ağ 

2A 2B 2C 3A 6A 5A 10A 4A 4B 4C 4D 12A 12B 

IA 1A 1A 3A 3A 5A 5A 2A 2A 2C 2C 6A 6A 

2A 2B 2C 1A 2A 5A 10A 4B 4A 4D 4C 4B 4A 

2A 2B 2C 3A 6A 1A 2A 4A 4B AC 4D 12A 12B 

il 1 1 1 1 1 1 1 1 1 1 1 1 

1 1 1 1 1 1 1 1 1 1 1 1 1 

4 0 0 1 1 -1 -1 2 2 0 0 -1 -1 

4 0 0 1 1 1 1 2 2 0 0 1 1 

5 1 1 -1 -1 0 0 1 1 -1 -1 1 1 

5 1 1 -1 -1 0 0 -1 -1 1 1 -1 -1 

6 -2 -2 0 0 1 1 0 0 0 0 0 0 

-1 1 -1 1 -1 1 -1 a] — 01 Q1 —01 Q1 —01 

-1 1 -1 1 -1 1 -1 =i dı —üi dı “01 dı 

-4 0 0 1 —1 -1 1 2a] —241 0 0 —dı dı 

-4 0 0 1 -1 -1 1 —2a1 2a1 0 0 dı —dı 

—o 1 —1 —1 1 0 0 dı —dı —dı 1 dı —dı 

—o 1 -] —1 1 0 0 =a] dı dı —dı —dı dı 

—6 —2 2 0 0 1 -1 0 0 0 0 0 0 
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Table 6: Character table of GX ~ GL2(3), X € TAİDA,, Ed} 


[g] | FS 
[97] 
[97] 
XI + 
X2 + 
X3 + 
X4 “İr 
X5 “İr 
X6 o 
XT o 
X8 
Table 7: 
2A 6A 
IA 3A 
2A 2A 
2A 6A 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
0 0 
1 1 
1 1 
-2 —2 
-2 —2 
-2 1 
-2 1 
4 -2 
2 -1 
—2 1 


IA 2A 
IA 1A 
IA 2A 
1 1 
1 1 
2 2 
3 3 
3 3 
2 -2 
2 —2 
4 —4 
Character 
3B 3C 
3B 3C 
1A 1A 
3B 3C 
1 1 
1 1 
2 —1 
2 —1 
-1 2 
-1 2 
—2 -2 
0 0 
0 0 
1 1 
1 1 
0 0 
0 0 
0 0 
0 0 
0 0 


2B 


4A 


2A 
4A 
4A 


2005 


N NO N N OO H= H 


l 


4A 


2A 
4A 


| 
DOO H HEH N = RH 


| 
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3A 6A 8A 8B 
3A 3A 4A 4A 
1A 2A 8A 8B 
1 1 1 il 
1 1 -1 -1 
-] -1 0 0 
0 0 1 1 
0 Ü —l “1 
-1 1 a2 a2 
-1 1 a2 a2 
1 -1 0 0 
c 3.Symş, X = D$ 
5A 15A 15B 2B 2C 4B 6B 6C 
5A 15A 15B 1A 1A 2A 3B 3C 
5A 5A 5A 2B 2C 4B 2D 2C 
1A 3A 3A 2B 2C 4B 6B 6C 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
0 0 0 3 =] 1 0 -1 
0 0 0 -3 1 -1 0 1 
0 0 0 —1 3 1 -1 0 
0 0 0 1 -3 =l 1 0 
1 1 1 0 0 0 0 0 
-1 —-] -1 3 3 =] 0 0 
1 1 1 3 3 1 0 0 
0 0 0 2 -2 0 —1 1 
0 0 0 —2 2 0 1 -1 
1 bis bis 0 0 0 0 0 
1 bis bis 0 0 0 0 0 
2 -I -1 0 0 0 0 0 
-2 1 il 0 0 0 0 0 
0 0 0 0 0 0 0 0 
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Table 8: Character table of GX ~ SL2(3), X = Af 


[g | FS| 14 2A 4A 3A 6A 3B 6B 
[g?] 1A 1A 2A 3B 3A 3A 3B 
[g?] | IA 2A 4A 1A 2A 1A 2A 
xı | + 1 1 1 1 d l d 
x2 | o l 1 1 b bs by bs 
Xs | ° 1 l 1 b b b bs 
x | +] 3 3 -1 0 0 0 0 
xs | — 2 -2 0 -1 1 -1 1 
xe | o 2 -2 0 -b3 b3 —b 63 
Xe | ° 2 -2 0 -b3 b3 -b3 b3 


[g | FS| 14. 2A 2B 2C 4A 
[?] | | |1A 1A 1A 1A 2A 
xv|-| 1 1 1 1 1 
xa | + | 1 1-1-1 1 
xs |+| 1 1-1 1-1 
xa |+|1 1 1 -1 -1 
xs |+] 2-2 0 0 0 


Table 10: Character table of GX ~ Dihg, X = A3 


[g] [a İFS İ1A 2A 2B 20 3A 6A. FS|1A 2A 2B 2C 3A 6A 
iə”) IA 1A 1A 1A 3A 3A 
lg] İ1A 2A 2B 2C 1A 2A IA 2A 2B 2C 1A 2A 
x | +] 1 1 1 1 1 1] 
x |+| 1 1 -1 -1 1 
x |+|2. 2 0 0-1 -1 
x4 | +] 1 -1 -1 1 -1 
ys |+| 1-1 1 -1 -1 
x + | 2 — 0 GA 1 
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Table 11: Character table of GX ~ 4, for X € (A2Ds, Alə) 


[g | FS| 14 2A 4A 4B 
[?] | [IA 1A 2A 2A 
xil] i 1 1 1 
x |+ | d 1 -1 ed 
X3 o 1 -1 aj dı 
Xa İ o 1 -1 Gr a 


Table 12: Character table of GX ~ PGL2(3) ~ Sym,, X = Di 


4 [a |FS|1A 2A 3A 2B 4A FS|1A 2A 3A 2B 4A 
g^ IA 1A 3A 1A 2A 
E lg] İ1A 2A IA 2B 4A. 2A 1A 2B 4A 
xı | + ala la Tx tad 
Ys | + 1 1 I =i =i 
x3 | + 2 3 ei 0 
xa | + 3 -1 0 =] 
265517: GL r 3 —- 0 el 1 


Table 13: Character table of Es = 2, for X € (Au D7 Es, A15 D9, Aj7E7, Ada, DyE?, Dul 


gl | FS| 1A 2A 


[22] | | 1A 1A 
Xı + 1 1 
x2 | + 1 -1 


Table 14: Character table of GX ~ Syms, X € (D3, E3) 


[g | FS| 1A 2A 3A 


lə”) IA 1A 3A 
[93] IA 2A 1A 
x |+]1 1 1 
xa | + | 1-1 1 
Xə | + 2 0 =l 
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A.3 Twisted Euler Characters 


In this section we reproduce certain characters--the twisted Euler characters—which are attached 
to each group G, via its action on the root system X. (Their construction is described in detail 
in 82.4 of [16].) 

To interpret the tables, write X4 for the (possibly empty) union of type A components of 
X, and interpret Xp and Xp similarly, so that if m = m* Then X = AS 4 for some d, and 
X = XA U Xp U Xe, for example. Then g > — denotes the character of the permutation 
representation attached to the action of G4 on the simple components of X4. The characters 
gro x and g > x” are defined similarly. The characters x. ə xe and XG? incorporate 
outer automorphisms of simple root systems induced by the action G* on X. We refer to §2.4 
of for full details of the construction. For the purposes of this work, it suffices to have the 
explicit descriptions in the tables in this section. The twisted Euler characters presented here will 
be used to specify the umbral shadow functions in 

The twisted Euler character tables also attach integers ng and h, to each g € GX. By definition, 
ng is the order of the image of g € GX in G* (cf. SAI). The integer ^, may be defined by setting 
hg := Ng/ng where Ny is the product of the shortest and longest cycle lengths appearing in the 
cycle shape attached to g by the action of G* on a (suitable) set of simple roots for X. 


Table 15: Twisted Euler characters at £ = 2, X = A74 


I] | 1A2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 
nəlh, İ 111211 2/2 311 3/3 412 411 4/4 5| 611 6|6 
xj^| 24 8 0 6 O 0 4 0 4 2 0 
Ig] |7AB 8A 10A 11A 12A 12B 14AB 15AB 21AB 23AB 
Mglhg| 7|18|1 10/2 1111 1212 12112 1411 15İ1 21/3 23|1 
1320.20 0 1 1 9 1 


Table 16: Twisted Euler characters at ( = 3, X = AP? 


lg] |1A 2A4A2B2C3A6A3B 6B 4B 4C 5A 10A 12A 6C 6D 8AB 8CD 20AB 11AB 22AB 
ng|h |1]1 1|42|82|12|23|13|43|33|124|24|15|1 5|46|246|16|2 8|4 8|1 108 11|1 11|4 


ee |12 12 044330 0042 9 011 0 2 0 Y 1 
x  |12-12 0 44 3-3 0 0 0 2-2. 0 1-1 0 O 0 1 -1 
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Table 17: Twisted Euler characters at (-4, X - A8 


lg] |1A 2A 2B 4A 4B 2C 3A 6A 6BC 8A 4C 7AB 14AB 
nglhy |1|1 1|2 2/2 214 414 2/1 3|1 3/2 6|2 48 411 711 72 


wa | 8 8 0 0 0 4 2 2 0 0 2 1 1 


Xe 
Ng” 8-8 0 0 0 0 2-2 0 0 0 1 -1 


Table 18: Twisted Euler characters at £ — 5, X = AS 


İl  |1A 2A 2B 2C 3A 6A 5A 10A 4AB 4CD 12AB 
ng|hg [1|1 114 2/2 2]1 3/3 3112 5/1 5|4 218 4|1 6/24 


E AE al 
xs 6.6-2 2 0 0 1:1 0 O 0 


Table 19: Twisted Euler characters at £ — 6, X = AİD, 


İşi |1A 2A 2B 4A 3A 6A 8AB 
ng, | 111 1|2 2/1 2/2 311 312 412 
yə 4 4 2 0 1 0 
Xo 4 4-4 0 0 1 - 0 
X^ LL $ 1 14 1 1 

a L 3.4 X i 1: =i 
to” 2 2 0 2 —1 -1 


Table 20: Twisted Euler characters at £ = 6 + 3, X = D$ 


ləl | 1A 3A 2A 6A 3B 6C 4A 12A 5A 15AB 2B 2C 4B 6B 6C 
ng|hg|1|11|3 211 213 3/1 3/3 4/2 416 511 513 2/1 2|2 4|1 6|1 6/6 


>| 6 6 2 2 3 0 0 0 1 i 40210 
1 IA 29-7]. 0 
0 2 — 00000 


24 
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Table 21: Twisted Euler characters at £ = 7, X = Af 


lg] | 1A 2A 
nglhy | 11 114 
yə 4 4 
Ng 4 -4 


4A 
218 


0 
0 


3AB 6AB 
31 3⁄4 


1 1 
1 -1 


Table 22: Twisted Euler characters at (-8, X = A2D? 


lg] İ1A 2A 
ng|hg | 11 1/2 
Ng! pr 
No” 2 -2 
ya > B 
x 2 -2 


2B 
olı 


2C 4A 


2/4 


oco|oo 


Table 23: Twisted Euler characters at £ — 9, X = Aj 


İşi |14 2A 2B 2C 3A 6A 
nglhy | 111 14 2/1 2/2 38 3112 
Ng" 3 3 l1 € 0 0 
"əl 3 -3 1 -1 0 0 


Table 24: Twisted Euler characters at £ — 10, X = A2 Ds 


[g] [IA 
ng|hg | 1/1 
x^ | 2 
5 2 
Kg” | 1 

D 1 


Xg 


2A 
1|2 


4AB 


A THE UMBRAL GROUPS 


Table 25: Twisted Euler characters at £ = 10 + 5, X = Dá 


lg] |1A 2A 3A 2B 4A 
nh | 11 2/2 3/1 2|1 44 


Ka GN Mm a. 
xa" | 4 0 1-2 0 


Table 26: Twisted Euler characters at £ = 12, X = Aj1D Es 


Table 27: Twisted Euler characters at £ = 12 + 4, X = Ef 


lg] [| 1A 2A 2B 4A 3A 6A 8AB 
ng | 111 1|2 2/1 24 3| 32 418 


A. o AG 4 
x° | 4-4 0 0 1-1 0 


Table 28: Twisted Euler characters at £ = 13, X = A2, 


[g | 1A 2A 4AB 
ng|hg | 11 14 28 


yə 2 2 0 
Ky.” 2 -2 0 
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Table 29: Twisted Euler characters at £ = 14 + 7, X = D3 


[Į] |1A 2A 3A 
nəlh, | 111 2|1 3/3 


ya 3 1 0 
xi” 3 1 0 


Table 30: Twisted Euler characters at £ = 16, X = A15D9 


gj] T1A 2A 
ngļhg | A. 112 
Ng” 1 1 
NG” 1 -1 
Kg” 1 1 
Ng” 1 -1 


Table 31: Twisted Euler characters at £ = 18, X = Aqiz7 Ez 


gj] | 1A 2A 
ng|hg | 111 1/2 
x 1 1 
Ka 1 -1 
UI 1 


Table 32: Twisted Euler characters at £ — 18 +9, X = DE? 


lg] | 1A 2A 
nalh,: | AL 211 
ya 1 1 
Xi 1 -1 


x; | 2 0 
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Table 33: Twisted Euler characters at £ = 22 +11, X = Di, 


lg] T1A 2A 
ngļhg | 41 22 
ya 2 0 
Ng!” 2 0 


Table 34: Twisted Euler characters at £ = 25, X = Ag 


g] T1A 2A 
nəlh, | 11 114 
Ng" 1 1 
Xa” 1 -1 


Table 35: Twisted Euler characters at £ = 30 + 6,10,15, X = E3 


İl |14 2A 3A 
nh | 111 211 3/3 
x | 3 1 0 
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B The Umbral McKay-Thompson Series 


In this section we describe the umbral McKay-Thompson series in complete detail. In particular, 
we present explicit formulas for all the McKay-Thompson series attached to elements of the umbral 
groups by umbral moonshine in Most of these expressions appeared first in [15|[16], but some 
appear for the first time in this work. 

In order to facilitate explicit formulations we recall certain standard functions in We 
then, using the twisted Euler characters of explicitly describe the shadow functions of umbral 
moonshine in The umbral MeKay-Thompson series defined in §B.3]may also be described in 
terms of Rademacher sums, according to the results of [17]. We present this description in 


B.1 Special Functions 


Throughout this section we assume q := e?" , and u :— e?7?, where 7, z € C with Im 7 > 0. The 
Dedekind eta function is n(7) := q!/*4T],,.9(1 — q”), where. Write Am(T) for the function 


Am(7) := Maz (ioe — - a D +M (d - Mg MP), 


nG) k50 d|k 
which is a modular form of weight two for To((V) if MİN. 
Define the Jacobi theta function 6) (r, z) by setting 
0] (7, z) := = iq Su 120) C1 | u” gnin- 1/2. (B.1) 
neZ 
According to the Jacobi triple product identity we have 
O1(r, 2) =-i Pur] [a —u 15 YO — ug”) (1 — q"). (B.2) 


n>0 


The other Jacobi theta functions are 


02(r, 2) = qu? T [a +u gn NG + ug”)(1 — q"), 


n>0 
ós(r,2) = TQ tu AAA — g"), (B.3) 
n>0 
04(r, z) :- 110 - «7 a777?)0 — uq 1/2)(1 — q"). 
n>0 
Define V; ; and V,. _¡/2 by setting 
:01(7, 22)n(7)3 
Wi 1(7, z) = —) uf nit E 
V, (n2) = —i nr)" 
ro 01(7, z) 


These are meromorphic Jacobi forms of weight one, with indexes 1 and --1/2, respectively. Here, 
the term meromorphic refers to the presence of simple poles in the functions z — WV .(r, z), for 
fixed 7 € H, at lattice points z € Zr + Z. (Cf. 88 of [22].) 
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From 85 of [29] we recall the index m theta functions, for m € Z, defined by setting 
Om sir, z) EN. y2mk-tr gamin? em, (B.5) 
keZ 


where r € Z. Evidently, 6m, only depends on r mod 2m. We set Sm,r(T) 
so that 


= sa Os Umen. 2o? 

Sm r(T) = > (2mk + rq Omer Am. (B.6) 
keZ 

For a m a positive integer define 


2km uq. +1  u+l 
mar, z) = y tangna abi 


+ O(q), (B.7) 
m ug?-1  u-1 
and observe that we recover V, upon specializing (B.7) to m = 1. Observe also that 
—l v-1 
1/2) 2km gmk? pcd O(q). B.8 
imalə 1/2) = Dung = 1 + fg) (B.8) 
keZ 
Define the even and odd parts of Hmo by setting 
tn (Tı 2) := 5 (Um o(T, 2) + (=i) pim, o(r, 2 + 1/2)) (B.9) 
for k mod 2. 
For m,r € Z + 5 with m > 0 define half-integral index theta functions 
0m e (T, 2) := > e(mk + r /2yu2mk+r gmk)? iam (B.10) 
keZ 
and define also Sm (7) := 


09m (7, z)|z=o; so that 


Smr(r) = Y ` e(mk + r/2)(2mk + rg menm Am (B.11) 
keZ 


As in the integral index case, Öz, depends only on r mod 2m. We recover —6; upon specializing 
Ong tam="r=1/2 
For m € Z + 1/2, m > 0, define 


2 il —¿ul/2 
Umo(T, 2) = DIS IA gmk Wi maa 
keZ 


is .l + O(q). (B.12) 


Given a € Q write [a] for the operator on q-series (in rational, possibility negative powers of q) 
that eliminates exponents not contained in Z + a, so that if f — >` BEQ c(8)q” then 


la] f := 2. c(n + o)q"** (B.13) 
neZ 
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B.2 Shadows 


Let X be a Niemeier root system and let m — m” be the Coxeter number of X. For g € G* we 
define the associated shadow function SX = (5X,) by setting 


65. (B.14) 


where the B &c., are defined in the following way, in terms of the twisted Euler characters xə. 
ézc. given in and the unary theta series Sm,r (cf. (B.6)). 

Note that if m = m“ then SZ, = B sas = SA. for all g € G, so we need specify the SG, 
&c., only for 0 < r € m. 

If X4 = @ then Be := 0. Otherwise, we define 03 for 0 € r € m by setting 


x "2 
SX, = Ng “Sr 1 r=0 mod 2, (B.15) 
Xo ASmr ifr=1 mod 2. 
If Xp = @ then Bo? := 0. If Xp 4 0 then m is even and m > 6. If m = 6 then set 
0 ifr=0 mod 2, 
5 XP? öyr + XZP Seer if r — 1,5 mod 6, (B.16) 
KO PU ifr —3 mod 6. 
If m > 6 and m — 2 mod 4 then set 
0 if r —0 d2 
SXP = " — — (B.17) 
i Xg P Sm r + Xg?Smm-r ifr=1 mod 2. 
If m > 6 and m = 0 mod 4 then set 
X "2 
SX» m 10 » r —0 mod 2, (B.18) 
Xg D ur ifr 21 mod 2. 


If Xg = 0 then B := 0. Otherwise, m is 12 or 18 or 30. In case m = 12 define Bon for 
0 « r « 12 by setting 


XZE (S121 + S127) ifr € (1,7), 
.. (S125 + $1211) if r € {5,11}, 


SŽE = (B.19) 
2d Xg9P(Siz4- Sizs) if r € {4,8}, 
0 else. 
In case m — 18 define SZ for 0 < r < 18 by setting 
x” (Sis, + 918,18-r) if r € {1, 5,7,11, 13, 17}, 
XXE S if r € (3,15 
sXe — Xg 18,9 ur { ; Je (B.20) 


úl X3 P (S18 49189491815) ifr = 9, 


0 else. 
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In case m = 30 define SZ for 0 < r < 30 by setting 


XAP (5301 + 930,11 + 930,19 + 930,29) ifr € 11, 11, 19, 29), 
SAP = 4 XX¥(S30,7 + 530,13 + 930,17 + 930,23) if r € (7, 13, 17, 23}, (B.21) 


0 else. 


B.3 Explicit Prescriptions 


Here we give explicit expressions for all the umbral MeKay-Thompson series HX. Most of these 
appeared first in [151116]. The expressions in $7B.3.3] [B.3.4] [B.3.7] [B.3.14] are taken from [26]. The 
expressions in $9B.3.11] [B.3.15] [B.3.19] [B.3.23] are taken from [14]. The expressions for HŠ with 


X = Ej appeared first in [25]. The expression for HU ) in $B:3:6] and the expressions for H 57 


and m in 4B.3.13] appear here for the first time. 
The labels for conjugacy classes in G* are as in 


Bal 2?-2.X—4” 


We have GO) = GX x Mo4 and m” = 2. So for g € Maa, the associated umbral McKay-Thompson 
series H, (2) zur (2) is a 4-vector-valued function, with components indexed by r € Z/4Z, satisfying 


He) = =H and in particular, HY) = 0 for r = 0 mod 2. So it suffices to specify the He} 
explicitly. 
(2) (12) _ ba 
Define Hy” = (Hy) for g = e by requiring that 
-201 (r, 2) (nz) = —24uao(r, 2) + HO) (763,(r. 2), (B.22) 
r mod4 
where 
Dr . 0, (r, 2) + 0s (z, 2)? + 04 (r, 2)? (B.23) 
P1 (957 77 “1 02(r, 0)7: ^ 03(7,0)2 ^ 04(z,0)2 J’ i 
More generally, for g € GÜ) define 
HA = Lar) - FE) (B.24) 
9,1 2 24 e,l T T So1(7)' Ë 


where xe and ES are as specified in Table [36] Note that xə = x the latter appearing in 
Table [15] Also, Sa 1(7) = n(7)*. 
The functions f23 4 and f23 in Table[36] are cusp forms of weight two for To (23), defined by 


T 3 T 3 
fasa(r) = əə EI + 4n(r)n(2r)n(23r)n(46r) + MENA, ər) 


fesə(r) := n(7)?n(23r)?. 


Note that the definition of ES appearing here for g € 23A U 23B corrects errors in [11][T2]. 
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Table 36: Character Values and Weight Two Forms for £ = 2, X = AP 


la x REN 


14 24 0 
2A 8 16A42(7) 
2B 0 2m(r)°m(2r) / 
3A 6 6A3(7) 
3B 0 2m(r)°m(37) 2 
4A 0 2n(27)8n(47)~4 
4B 4 4(—Aə(r) + A4(7)) 
4C 0 2m(r)im(2r)2m(4r) 2 
5A 4 2A5(7) 
6A 2 2(-N3(7) — Aa(7) + Ag(7)) 
6B 0 2N(T)?N(27)9(37)?9(67)-? 
TAB 3 Ng (7) 
8A 2 - M(7) + Ag(r) 
10A 0 uu 
114 2 2(A11 (7) — 117(7)?n(117)? Jia 
124 0 2(7 )”q(47 )”n(6r)”n(2 LM n(3r) !n(127)? 
12B 0 2n(r)'n47T)g(67)n(27) ! n(1027)! 
14AB 1 (—As(r)— Na (7)  Au(7) — 1m(r)n(27)n(77)n(147))/3 
15AB 1 (—As(z)— As(T) + Aas(7) — “0: (37)m(57)n(157))/4 
2145 0 (Tir )”q(7r ”n(3r)”1q(21r)71 — n(7)9(37)2)/3 
23AB 1 (Azs(r) — 23 f23 (T) — 69f230(7))/11 


B32 l=3, X AU 
We have GB) = GX ~ 2.Mi2 and m* = 3. So for g € 2.Mjs, the associated umbral McKay- 


Thompson series H; = = (HÖ) is a 6-vector-valued function, with components indexed by r € 


Z/6Z, satisfying HÖ) - HS. and in particular, HE) = 0 for r = 0 mod 3. So it suffices to 


specify the H, ( E: and H Hop explicitly. 
Define H, 6 (H; (3)) for g = e by requiring that 
Mar 29 (r, z) = —12uso(n2)-- DI HÖ (7)05,-(7,2), (B.26) 
r mod 6 


where 


(3) .— 03(7, 2) 04(7, 2)” 04(7, ay 05(T, 2)? 05(T, 2)” 03(7, 2)” 
(7, al -. — 0)? 04(7, 0)? bi 01 (r, 0)2 Bar, 0)? Ki 0>(r, 0)2 0s(r, oz) ` n) 
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More generally, for g € GÖ) define 


Bos. ka or) pai pa). 1 
O = OA (EP + F2) HA 
HE, y: Xi 3 ue (F9 = FO) 1 

9,2 T 12 e,l g Sa»(T)' 


(3) 


where xg 
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(B.28) 


(B.29) 


and PE) are as specified in Table and z is the non-trivial central element of GÜ). 


The action of g — zg on conjugacy classes can be read off Table[37] for the horizontal lines indicate 


the sets [g] U [zg]. 


Note the eta product identities, $31(7) = n(27)? /n(47) 


Note also that xe = p and xe 


= ... the latter appearing in Table [16] 


2 and Sa ə(r) = 2n(ry? 


Table 37: Character Values and Weight Two Forms for £ = 3, X = Al? 


iə) x? x” FE) 

1A 12 12 0 

2A 12 —12 0 

4A 0 0 —2n(r)*n(27)?/n(47) 

2B 4 4 -16A2(7) 

26 4 —4 1642(r) — 3 A4(7) 

3A 3 3 -6A3(7) 

6A 3 -3 -—9Ax(r)-—2Aa(r) + 3A,(r) + 3A6(7) — M3(7) 

3B 0 O 8Ag(7)- 2A9(7) +29 (7)/n (37) 

6B 0 0 -2n(rn(37)/n27)n(67) 

4B 0 O -2«27)5/n(47) 

4C 4 O —8A4(7)/3 

BA 2 2 —2As(r) 

WA 2 -2 Xuggcioa(d)Aa(7) + 2n(27)n(107? 

12A 0 0 —2n(r )n(2r )”n(3r) /n(47)^ n(67) 

6C 1 1 2(Aə(zr) + As(z) — As(7)) 

6D 1 —1 -5A»(7)-2As(7)  $A4(7) + 3Ag(7) — A12(7) 
SAB 0 0 —2n(2r)*n(47)?/n(87)? 

8CD 2 0 -2A2(7)+5A44(7) — Agr) 
20AB 0 0 —2n(27)'n(5r)/n(r)n(4r??n(107) 
HAB 1 1 -2Mn(1)-3Bn(7 (117)? 
2AB 1 -1 Du cs(d)Aa(7) — E Yaya q (d)n(dr)2n(11dr)2 


+ 2 far) 


n(4r)” /n(27). 


The function f44 is the unique new cusp form of weight 2 for To (44), normalized so that f44(7) = 
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q + O(q?) as S(T) — oo. The coefficients cy(d) and c (d) for g € 10A U 22A U 22B are given by 


5 2 1 
C10A(2) = —5, cioA(4) = Ty cioA(5) = “a C10A(10) = 1, cioA (20) = “a (B.30) 
11 11 2 1 1 
ca2AB (2) = es C224B(4) = uw C224B(11) = “sə C224B(22) = pl C22AB(44) = MT. (B.31) 
Co3AB(1) = 1, 22048 (2) = 4, c3 Ap (4) = 8. (B.32) 


B33. (=4, X 43 


We have m“ = 4, so the umbral MeKay-Thompson series H (0- (H HA) associated to g € GU is 
an 8-vector-valued function, with components indexed by r € Z/8Z. 
Define HO = (H HA) forge GÜ), ç € 4C, by requiring that 


pr, 2) =P u 2) - Pno nt Y HYP iata), (B.33) 


r mod 8 


where xe ) = 2 and g = x (cf. 5 H7), and the ye are meromorphic Jacobi forms of 
weight 1 and index 4 given explicitly in Table B 


Table 38: Character Values and Meromorphic Jacobi Forms for £ = 4, X = A3 


lal Xç) x9 wem) 
1A 8 8 240, (r, 22)301(7, z) ^n(7)? 
2A -8 8 2401 (7, 22)302(7, 2) ^n(7)? 
2B 0 0 —2/6)(r, 22)361(7, z) 202(7, z) ?n(7)? 
4A 0 0 —2i01(7,22)05(7,22)?05 (27,22) ?n(2TPn(7)! 
AB 0 0 —2i0;(27,22)03(27,22)?04(27,2z)n( 2T)? n(7) ?n(47) 2 
2C 0 4 201(7,22)02(7, 22328, (7, 2)?02(7, z) ?n(7)? 
3A 2 2 210,(37,62)01 (r, z) 164(37, 32) !g(7)? 
6A —2 2 -2401(37, 62)02(7, z) 165(37,3z) (73 
6BC 0 D. dl 
8A 0 0 —2:60:(r, 2z)02(2r, 4z)02(4r, 42) 1 n(r)m(47)n(27)! 
4C 0 2 210,(7,22)02(27,42)0, (27,22) ?n(27)'n(7T) ?n(47) 2 
TAB 1 1 ck 
14AB -1 1 cf. (B.34) 
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-401(37, 62) 


¿= 1 ly _ ED NECS 5 ENS 
Wo: = (91(7, z+ 3)01(7, zc 5) 01(7, 2 3)01(7, Z s) 0, (37, 32)02(37, 32) n(37) 
(4) : -i (1T) 
ÜyAB ə Ho 7,22 4 Ar, -: nalo T, 2z — T)01(r, z +Š P) 8 77,72) NG) 
p 2 2 2 2 i N(77) 
PO 5: = I^ 22 + 7 )00(7, z — TREO 4 )0 (r, z + >=) (Tr, 72) at 
(B.34) 
For use later on, note that əti — —29, 107, where 
(4) 01 (7, 22)? B 
— AA .35 
PI (f, z) 61 (T, z)? ( ) 


B34 425, XA! 


We have m* = 5, so the umbral McKay-Thompson series H, 5) = (H (3) associated to g € GÜ) is 
a 10-vector-valued function, with components indexed by r € Z/10Z. 
Define HO = (H HË (3) for g € GÖ), g € 5A U 104, by requiring that 


VO n z) = -xP udo (7, z) KY xul, (T, z) + > HƏ (7)05,r (7, 2), (B.36) 
r mod 10 


where x = x" and KO: x (cf. ə , and the JO are meromorphic Jacobi forms of 
weight 1 and index 5 given ES in Table [3 


Table 39: Character Values and Meromorphic Jacobi Forms for £ — 5, X = Ağ 


[g] x ZP wm 


1A 6 6 2101(7,22)01(7, 32)01(7, z) 3 nr)" 
2A -6 6 -2101(7, 22)02(7, 32)02(7, z) n(ry? 
2B —2 2 —2i01(7,22)01(7, 32301 (7, e 192(r, z) ?n(7)? 
2C 2 2 2i01(7,22)05(7, 32)04 (T, z) 202(7, 2) 1n(r)° 
3A 0 0 —2i01(7,22)01(7, 32)01 (37,32) 1 n(37) 
6A 0 0 —2i0,(7,22)05 (7, 3z)02(37, 3z) 1 (37) 

4AB 0 0 cf. (B.37) 

4CD 0 2 cf. (B.37) 

12AB 0 0 cf. (B37) 
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0 1)0 (7,32 +4) — 0 (r, z — 1)04(7,32 — 1 2 
YO pr, 2) = —102(7, EMEN NN n(2r) 


65 (27, 22)? n(r) 
(5) NEN 61(r, z + D01(r, 3z — 1) Ti (T,z — D01(7, 3z + 1) n(27)? 
2. 525072 WC (man) 
po), a(t, 2) = cvs (91(7, z+ iir. z + M z+ 3)01(r, 3z — i) 
(67) 


— (T, z — 50 (7, 2— D01(7, z— 5 )0 (r, öz + 1) 1 


For g € 5A use the formulas of qB.3.20| to define 


A O Bo OP) r po mo 


(B.38) 
For g € 104 set HO), (r) := —(— UHA, (o) 
For use later on we note that pe) - po, where 
(5) 01 (7,32) B 
AS, .39 
PI (7, z) 61 (7, 2) ( ) 


B.3.5 / — 6, X = AİD, 


We have m* = 6, so the umbral McKay-Thompson series H; © eH (9) associated to g € GO) is 


a 12-vector-valued function with components indexed by r € Z/12Z. We have HA) 5 pu so 
it suffices to specify the HE) ) for r € {1, 2,3,4,5}. 
To define HE ) = (a) for g = e, first define A(T) = (h,(7)) by requiring that 
Mr A (rz) = —24meo(r.z)- DI hers (rs 2), (B.40) 
r mod 12 
where 
pP (r2) = EP (s z)et (rs AA (ns 2). (Bal) 
(Cf. (B.23), (B.27), (B.35), (B.39).) Now define the Hü by setting 
ONT 1 
HE) (7) = dc ml) + har), 
6 1 
Hia ar) = Shar), 
1 
Hö) = rul (B.42) 
4 1 
Hir) = gilt), 
" 1 
H (r) = 57 (nr) + 5hs(7)). 
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Define H. va by requiring 
6 T 6 
HE) = - C1 HA, (B.43) 


For the remaining g, recall (B.13). The HO) for g € 1A U 2A are defined as follows for r = 2 


and r = 4, noting that H^ = Ho = -HƏ. 
6 KE 
Həp (7) = [THO (7/2) 
HÖ) Hip, (7/2) 
HO) (7) == SIR, (7/2) (B.44) 
r2 
HE) (7) =E 94 HO) (7/2) 
6 Parts 
Hla) cla Hi ir) 
For the H m we define 
HS} ser) H$} (r) = ER (7/3), 
HY (7), HA (T) = 0, (B.45) 
6 2 
HO pa) 5-1-8241 (7/8). 
Noting that HƏ = ay and HƏ = . the Hei and HƏ are defined for o(g) Z 0 mod 3 
by setting 
1 
HEB) = [gals (H62,(7/3) + HÖ, (7) 
1 
HAD = [gals (HA (7/3) + Hip, (7/2) (B.46) 
6 1 
He (r) = [737 (HE. (7/9) + HÖD,C/))) 


It remains to specify the HÜ) when g € 3AU 6A and r is 1 or 5. These cases are determined by 
using the formulas of 4B.3.17] to set 


Hyaa), Hoa (7) — Hia (87) - HE Gr) + Hiis (37), (bah 
HP (7), Hid s(7) = Hye (sr) — HO (87) — HİD (3r). 


B36 /=6+3, X = DŠ 


We have m* = 6, so the umbral McKay-Thompson series qe) = (HI) associated to g € 
G(63) is a 12-vector-valued function with components indexed by r € Z/12Z. In addition to the 


identity HÜ m -H (6+3) we have H(S* . 0 for r = 0 mod 2. Thus it suffices to specify the 


g,—T ? 


HEE) for r € {1,3,5}. 
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Recall (B.13). For r = 1, define 
6+3 6+3 6 6 
5 (r), m (r) - Hu T)+ 5 s) 


( 

(r) + HS} (7), 
64-3 6 6 

HIS (r) HO (7) + H8) s(7), 


ur P pM e) HS, 


(6+3) — NT)? 
sca) E 
6+3 6+3 6 6 
E (r), Hn = HO). (7) T EH 8G) (B.48) 
pti NN əl. 2 3 
HEH) lz aaa (r/3), 
He (r) — Elo) HAI), 
Bs (z) := -. məm Hina) 
HB Hor J= 2 "MO T); 
(6+3) 9127) (37) 
H = l 
sca 07 
Then define m. ) by setting 
HEH) (7) = 2H (r) 4920 B.49 
opi (T) = 2H 431 (T) + "ry (B.49) 
For r — 3 set 
He = aT (r A 
HE (r) = Hilo, 
Hi, DESTE 
6-3 
Ho ue -H (z ), (B.50) 
His (7) T 
6-3 6 
mu) = -HÖL 3(T T), 
6+3 2 
HG —2|— AH 1(7), 
6-3 
m = [- 3 Hip. i(7); 
and 
Hops (omes Oita, CURED Mig, o HS OS (851) 


For r = 5 define H?(7) := HG (7) for [g] € {14,3A, 2A, 6A, 3B, 30, 4A, 124, 5A, 15 AB}, 


and set a (zy ss mi (7) for the remaining cases, [g] € (2B,2C,4B,6B,6C). 
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B37 £=7,X4 =A; 
We have m* = 7, so the umbral McKay-Thompson series HO = (HS?) associated to g € GÜ) = 
G* c SLo(3) is a 14-vector-valued function, with components indexed by r € Z/14Z. 
Define HO = (HQ) for g € G™ by requiring that 
Dira = -xp uP g(t, 2) — XM mol) + 22 HAM (na), (B.52) 
r mod 14 
where xf? ‘= xs and xe? = x (cf. Table PIJ), and the NG, are meromorphic Jacobi forms of 
weight 1 and index 7 given explicitly in Table [40] 


Table 40: Character Values and Meromorphic Jacobi Forms for £ = 7, X = AQ 


lal xP xP yz 


1A 210, (7,4230, (7, 2)? nC 
2A -4 -2101(7, 42)02(7, z) n(ry? 
1 


4 
4 
AA 0 0 -2401(7, 4z)02(2r,2z) "n(2r)n(r) 
1 
1 


3A cf. (B53) 
6A =i cf. (B53) 


1 1 1 
(7) o iS da + 3)01(7, 2 — 3) + 17, 42 — 8)6( 2 + 3) 
V34 (7, z) m= 0, (37, 32) n(37) (B " 
1 1 1 E 
(7) ¿rr 42 + g)6(r 2 — 8) — 9 (142 — s) (z, 2 +3) B 
Va (2): 05 (37, 3z) (37) 
For use later on we note that y? = —24, uU , Where 
(7) .— 01(7, 42) B.54 
PI (7,2) f 01(7,2z2)' ( .5 ) 


B38 ded X = ÆD? 
(9 — (72) associated to g € GO) is 


a 16-vector-valued function with components indexed by r € Z/16Z. We have H® = — —H (8) so 


We have m* = 8, so the umbral McKay-Thompson series H; 


g,—r* 
it suffices to specify the HE) for r € {1,2,3,4, 5, 6, 7). 
To define HE ) = = (HO) for g = e, first define h(7) = (h,(7)) by requiring that 
—2V 1 1(7, 2) Ci Mr, z) + “et NG, ə) = —24p8 0(7, z) + > hr (T)08,. (7, 2), (B.55) 
r mod 16 
where 
PP (7,2) = pP (r, 291) (152) — 51” (r, 2e]. (r, 2), ə 
4 5 Ë 
ed (72) = pP (n oP (1,2) — ei (3). 
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(Cf. (B.27), (B.35), (B.39), (B.41).) Now define the HS. by setting 
1 
8 
HÜ.) = ghi). (B.57) 
for r € {1,3,4,5,7}, and 
8 8 
H), (r), HE (r) = = (ha(r) + her). (B.58) 
Define HS). for 1 < r < 7 by requiring 
8 rere 
HS) G) =D) HÑ} (7). (B.59) 
For the remaining g, recall (B.13). The HE) for g € 2B U 2C U 4A are defined as follows for 
r € 11,3, 5,7), noting that ad — Hu = =H), &c. 


(B.60) 


The HO, and HO , vanish for r =0 mod 2. 


B.3.9 £=9, X = Aš 


We have m = 9, so for g € GÜ) the associated umbral McKay-Thompson series H; (9) — = (HÖ) isa 
18-vector-valued function, with components indexed by r € Z/18Z, satisfying Hg? (9 - -H —. 
in particular, HS) = 0 forr =0 mod 9. So it suffices to specify the HS) for r € (1. 2,3,4,5,6,7,8}. 


Define H, p = (JI (9) for g — e by requiring that 


and 


Wrap (7,2) = —3uoo(r,z)4- DI HO(7)69,(7,2), (B.61) 
r mod 18 
where 
eO (7, 2) — pP (r ə)ef” (r, ə) — oP (7, 2). (B.62) 


(Cf. (B.27), (B.39), (B.54).) 
Recall (B.13). The HU. are defined for r € 11,2, 4, 5, 7, 8) by setting 


9 r2 
Hip (7) = Ho, (7/3), (B.63) 
where we note that H H = = HU. = =H &c. We determine HY), and HÖ. b azar? 
to set 
9 18 18 
Hj) p(T) = Hia (2r) — HP, 01) (B.64) 


for r € (3,6). 
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The H. a are defined by the explicit formulas 


HO) = ES (0/3), 
HO ə) = Esl” (0/3), 
HÖ), (r) — —63,(r, 0), 
HO (r) = 19/40 (7/3), 
y ) [ i ^ 7 ) (B.65) 
Ha s (z) = —|- 3] 1 (7/3), 
HO) (z) := 3,0(7,0), 
HE) 51-2203), 
HË) (z) = [7381/2 (7/3), 
where 
rr. 9 (7)n(127)n(18r/)? 
05 m. 
n(67)n(97)n(367) (B.66) 
(9) = n(27) n(127)n(187)? | n() n(27)n(37)? 


n(r)n(47)*n(67)n(97)n(367) N4T)?N(97) ` 


Finally, the H n are determined for g € 2AU 2C U 6A by setting 


mu, (B.67) 


B.3.10 /— 10, X = AğDe 


We have m* = 10, so the umbral McKay-Thompson series H, 7- em n )) associated to g € GU?) 


is a 20-vector-valued function with components indexed by r € Z/20Z. We have Hz,” - -H —. 
so it suffices to specify the HY) forl<r<9. 
To define HY) = (HED) for g = e, first define h(7) = (h, (T)) by requiring that 
-6011(7, DA (7,2) = —24p110,0(7, z) + pa hy (7)010,r(7, 2), (B.68) 


r mod 20 


where 


Ar = Sul? aye” (ry 2) — P(r, EP (7,2). (B.69) 
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(Cf. (B.35), (B.39), (B.41), (B.54).) Now define the Hm for r odd by setting 


r 


HED (r) = E Ghi(r) + hor), 
HEP (r) = E, (Bhs(7) + alo), 
HED (r) — gsr), (B.70) 
HEP (r) = E (ha(r) + 3hr(7)), 
HEO (e) = 57 (hu ír) +3ho(r) 
For r =0 mod 2 set 
HOD) (7) = Tha), (B71) 
and define HI), for 1 < r < 9 by requiring 
Hy, (7) = —(-1) Hi (7). (B.72) 


It remains to specify HW) for g € 4AU 4B. For r=0 mod 2 set 


Be) = ü (B.73) 
For r odd, recall (B.13), and define 
10 r2 1 2 5 
fA» (7) = LANG (Hina (7/5) + Hiep, (7/2) (B.74) 


B.3.11 ¢€=10+5, X = Dó 


We have m* = 10, so the umbral McKay-Thompson series gi = (HE? Ta associated to 
g € G9*5 is a 20-vector-valued function with components indexed by r € Z/20Z. We have 
H+) = 0 for r = 0 mod 2, so it suffices to specify the H+?) for r odd. Observing that 


H? t << H en we may determine H, 779 by requiring that 
PPD (rz) = -2xf Pinson) DI lr DH (sa lr, 2), (B.75) 
rCZ4-1/2 
r mod 5 
where X E Ge as in Table [25] and the ye! 2 are the meromorphic Jacobi forms of weight 1 


and index 5/2 defined as follows. 
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Table 41: Character Values and Meromorphic Jacobi Forms for £ = 10 + 5, X = Dá 


lal x97» wp. 

1A 4 2i01(7,22)?04(7, z) n(ry? 

2A 0 —240((r,2z)20 (T, z) 102(r, z) ? nr p 

3A 1 2101(37, 62)01(7, 22)101(37, 3z) 1 (7)? 
2B 2 2461(7,22)02(1,22)91(7,2) “Bar 12) nr? 
4A 0 —2i04(7,22)05(7,22)05 (27,22)! n(r)n(27) 


B.3.12 4-12, X= Au D? Eg 


We have m* = 12, so the umbral McKay-Thompson series HE? = (He? )) associated to g € 
GU? ~ Z/2Z is a 24-vector-valued function with components indexed by r € Z/24Z. We have 


ui» = -HË il so it suffices to specify the HY) forl<r< 11. 


To define HS?) = (HP), first define A(T) = (h,-(7)) by requiring that 
-2F11(7,2) a (T, z) + pr, :)) = —24pu12,0(7, 2) + pa h+(T)04ə2 (T, z), (B.76) 
r mod 24 


where 
UP (7, 2) — 36 (r, 2) (r, 2) — gp (r, zy (r, 2) + O07, əə” (7, 2), 
pO (7,2) = Ap (r, z) pO (v, 2) Ur (r, z) - pl (r, ə). 


(Cf. (B27), (B35), (B39), (B54), (B56), (B53), (B.69).) Now define the HEP. for r 40 mod 3 


by setting 


(B.77) 


HED (r) = E Ghir) a), 
HEB (r), HEP ol) = = (halt) + Mol), 
HOP 7), BEB) — = (hlr) + hu), 
i T (B.78) 
Hy5s(T) = 57 Ghs(r) + hil), 
HEB (T) tS (lalo) 390), 
HOD (7) = E (hs(r) 3h (7) 
For r 2 0 mod 3 set 
HED (7) = LAAN) (B.79) 


and define B 2) by requiring 


12 v r7(12 
Hya (T) = - (21) Hia (7). (B.80) 
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B.3.13 (=124+4, X = Eó 


We have m* = 12, so the umbral McKay-Thompson series H; — ==. (uH; 77 associated to 
ge G(?*9) is a 24-vector-valued function with components indexed by r € Z/24Z. In addition to 


the identity Hip"? = —H0?19. we have Hf, = 0 for r € (2,3, 6,9, 10), HİV”? = HOM, 


A? _ ie) and Hors = Ho Thus it suffices to specify the R HE+” and 


95 * 
Recall (B.13). Also, set gis (7) = Si21(T) F S12.7(7), and ge (7) = S12.5(7) x S1211(7). For 
r = 1 define 


HG) = Bir) HO), 
1244 6 6 
Hop: (T) := [3s] (7p s (r/2) — Ho (7/2)) : 


T) Om. T)^n(4r 
HAT NA = 20-20 (st ) + O, , 


HEH (290/2 - HY 2), 


12+4 T 1 (12+4) E (12-4) E 
Asap (7) :— SEG- SEs(r)2 (- 2F3451 (T (7 lən (7) + 12F3455 (T (r /2)855(r)) Š 


(B.81) 


In the expression for g € 8AB, we write 27 for the unique modular form of weight 2 for L'9(32) 


such that 


Flan (r) — 14: 12g + 4g? — 249° — 1647 — 84” + O(P), (B.82) 


and we write FS A e E for the unique modular form of weight 2 for l'o(64) such that 


POT (T) = 8g + Aq + 695 — 8g" — 947 + 1297! — 18413 — 2495 + O(g"). (B.83) 
For r — 4 define 


Hina (r) = Mygalt) AHAS. ada 
Hur (z) := HE) (1/2) * Hu 
and set aa := 0 for g € 2B U 4A U 8AB. 
For r = 5 define 
mu (T) := ` + Hin 11 (7), 
Hio = EH 5(7/2) AG) ; 
8 4 
— kana (rest st), (B.85) 
His (7) = [788] (#8 (r/2) - HR (7/2), 
1 


"smog smog ilanı OSH) - ərz (r/2)SE°(r)) 
1 
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Finally, define H, e +4) for g € 2AU6A by setting 


2 0 AYE? ei, 


i (r) := -(-ıy aye (r). 


(B.86) 


Bold ¿/=13, X SAY 


We have m“ = 13, so the umbral McKay-Thompson series HY) = (HS? ) associated to g € 
G3) = GX ~ Z/4Z is a 26-vector-valued function, with components indexed by r € Z/26Z. 
Define HY) = (HE) for g € G(3) by requiring that 


V0» (7, z) = =x 09) uds o (7, z) = xo) ula ot, z) + > HED (7)013,r (7, 2), (B.87) 
r mod 26 
where x) = xd and x0» — gre (cf. Table [28), and the ye) are meromorphic Jacobi forms 


of weight 1 and index 13 given explicitly in Table [12] 
Table 42: Character Values and Meromorphic Jacobi Forms for £ = 13, X = A?, 


ll x$? x yfl, z) 


1A 2 2 2i61(7,62)01(7, z) 161(7,3z) 1(7)3 
2A -2 2 -2401(7, 62)@2(7, z) 102(7,3z2) n(ry* 


4A 0 0 cf. (B.88) 


01(T, z + i). 3z + i) =01(7,2 — i), 3z — 1) n(27)? 


. T 1 B.88 
Paan Un £e) = walt, G2) 05 (27, 22)05 (2T, 62) NT) | 
(13) .. (13) 
For use later on we note that Via 2-2 110] 7), where 


01 [n 22)01(7, 32) I 
B.3.15 £21447,X = Dš 


We have m* = 14, so the umbral McKay-Thompson series Hvar) = (HES +?) associated to 
g € GU4+7) is a 28-vector-valued function with components indexed by r € Z/28Z. We have 


Hg "7) — Q for r = 0 mod 2, so it suffices to specify the Hm for r odd. Observing that 


HM "Ua LH 7 we may determine H, 77 by requiring that 
- : 144-7 
E - DO e(-1/2)Hyan (9, (s 2), (B.90) 
rCZ4-1/2 
r mod 7 
where x pi ə is the number of fixed points of g € G(1447 ~ S3 in the defining permutation 


representation on 3 points. The yt" 2) are the meromorphic Jacobi forms of weight 1 and index 
7/2 defined in Table 
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Table 43: Character Values and Meromorphic Jacobi Forms for £ = 1447, X = D3 
xg ug (7,2) 


[9] 

1A 3 20,(r,32)01 (7,2) 2n(r)3 

2A 1 202(7,32)01 (7,2) 102(r, 2)” n(ry? 
3A 0 —2i6i1(r, z)01(7, 32)01 (37, 32) (37) 


B.3.16 4-16, X= A15Dg 


We 7 m” = 16, so the umbral McKay-Thompson series HY®) = (aos )) associated to g € 
Gü6) ~ Z/2Z is a 32-vector-valued function with components indexed by r € Z/32Z. We have 
H9 = xn so it suffices to specify the HY) forl<r< 15. 

To define H9 = (H9) for g = e, first define h(7) = (h,-(7)) by requiring that 


1 
—694 (7, 2) («t9 (T, z) + əə (T: 3) = —24p16,0[7, z) + x hr(7)016.r(T, 2), (B.91) 


r mod 32 
where 
MS s el na) - gö əyilən ə) +O AIAN quas 
25... x. - Set (7, 2) 
(Cf. (B35), (B39), (B54), (E9), (B77), (B-89).) Now define the HEP, by setting 
1 
Hü pi) (B.93) 
for r odd. For r even, 2 < r < 14, use 
1 
Ha (v) = gi (P(T) ies (7) - (B.94) 
Define Ha 6) by requiring 
16 16 
HES (r) = —(-1) HEP (7). (B.95) 


B317 £=18, X = AjgE, 


We have m3 - 18, so the umbral McKay-Thompson series HY) = (HÖ? )) associated to g € 


Gü8) ~ Z/2Z is a 36-vector-valued function with components indexed by r € Z/36Z. We have 
HY) — HAN. so it suffices to specify the HY) for 1 € r € 1T. 
To define HY® = (H H[9) for g = e, first define h(7) = (h,-(7)) by requiring that 


-24V11(7, 2) p08) (T: z) = —241118,0( 0(7, 2) + > hy (T Ter 8), (B.96) 
r mod 36 
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where 


1 18) , 1 (18 012 
QUE es (vi ) +1 


_A 9. (02) 4 9,02) 1 (12) B 
12 3 R (4 + 202 t 393 mn (B.97) 


For the definition of $9 we require 


e$ (v, 2) = Ur z yof (v, 2) — Ap (7, 2)? — ə” (r, 2), 
A = Bp DA (z, z) + 20$ (r, ef A (s et (7, 2), 
Ar = of P (r, 20 (r, 2), 
AAA s er ma) eer arr A AAA gg 
Ara =D (7, 2) + 6p? DA (v, z) — of DA (r, 2), 
05 (152) = 94 (rs 2)01 (2) - el DA (1,2) - 20] (r, 2), 
PL a) = A AAA A A 2)01 (1a), 
£9) (sz) — vi (r, avi” (7,2), 
in addition to the other pim that have appeared already. Now define the H 7 by setting 
1 
Hopes a4 (7) (B.99) 
for r even. For r odd, use 
18 1 
Hy 4 (7) = yq hir) + hir(r)), 
1 
Hyg) = zg (ha(r) + ho(r)), 
1 
HEM) = 2; (2hs(r) + has(r)) , 
1 
Hym) 3; (2he(r) + hn(r)), 
1 
Hi A(T) = zg (h3(7) + 2hə(r) + has(r)), (B.100) 
il 
Ru) TA (hz(r) + 2hi(7)), 
1 
Bu) TU (bs (r) + 2h13(7)), 
ib 
HEPA) = sz (ns(r) + ho(r)) 
1 
HO AN) = g; (a(r) + 2har(7)) 


Define alo in the usual way for root systems with a type A component, by requiring 


18 T 18 
HYP) (r) = -(-1 HEP) (z). (B.101) 
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B.3.18 €=18+9, X = DigE2 


We have m* = 18, so the umbral McKay-Thompson series Hy (1839) — — 77 associated to 
g € G(8+9) ~ Z/2Z is a 36-vector-valued function with components indexed by r € Z/36Z. We 


have HUS+9) — 2. HUS+9) — u for 1 < r < 17, and Hf) — 0 for r =0 mod 2, so 
it suffices to specify the gie for r € (1,3,5,7,9). 


Define 
184-9 18 
HUST) (r) HEHHE, rr), 


x (B.102) 
Ha rea Ha, 


for r € {1,3, 5, 7, 9). 


B.3.19 (222411, X= DÍ, 


We have m* = 22, so the umbral McKay-Thompson series gp» = (He 5 associated to 
g € GË?) ~ Z/2Z is a 44-vector-valued function with components indexed by r € Z/44Z. We 


have HO 2. nd HD _ 0 for r =0 mod 2, so it suffices to specify the Hg?) 


for r odd. Observing that pz _ up we may determine gen by requiring that 


A (r, z) = -289 Dimon) + Y) eA-/YHZT U (r)0n (r, a), (B-103) 
T€Z--1/2 
r mod 11 
where xu 2). 2, xə 2) = 0, and the pe?) 2 are the meromorphic Jacobi forms of weight 1 and 
index 11/2 defined as follows: 


(11/2) nG 01(7, 42) 3 
Dia (7 T, z) = 21 61 (7, 2)07 (7, 2z) n(r) (B.104) 
0 AE. Ar)? 


62(7, 2)02(7, 22) 


B.3.20 £ — 25, X = Ay 


We have m” = 25, so for g € GÓ9 ~ Z/2Z, the associated umbral McKay-Thompson series 
HY?) em 7 )) is a 50-vector-valued function, with components indexed by r € Z/50Z, satisfying 
He» - 2. and in particular, HE —.. — Ü for r =0 mod 25. So it suffices to specify the HY) 
for 1 < r < 24. 


Define He) = (HEP) for g = e by requiring that 


Wan) (7,2) = —pasolt,2)+ DI HEO (0 (r, 2), (B.105) 


r mod 50 


where 


1 
PPr) = zefP tr NG - YUP E (r, 22. (B.106) 
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For the definition of o9» we require 
gt (7,2) — ap (7, Ap (v, 2) — oO (r, ə”, 
gt (7,2) = AA A A ra (rz), (8107) 
Al da (r, z) - 20 A (7,2) 


in addition to the other of that have appeared already. Define HƏ 


systems with a type A component, by requiring 


) 


, in the usual way for root 


18 r 18 
HŞ (r) = (1) Hia (1). (B.108) 
B.3.21 4-30-15, X = DigEs 


We have m* = 30, so the umbral McKay-Thompson series m = a .. associated to 


g € GG9*15) — (e) is a 60-vector-valued function with components indexed by r € Z/60Z. We have 


Hu = 2:5. Ho = 57 for 1 < r < 29, and HƏ” — 0 for r = 0 mod 2, so 
it suffices to specify the zu for r € 41, 3, 5, 7, 9, 11,13, 15]. 
Define 
(302-15 __ 1 /,,(30+6,10,15) (10-45) 
Hii (T): 2 eye + [tag Bai (r/3)) 
304-15 104-5 
His (7) — ls C13), 
304-15 104-5 
His (7) — AA (7/3), 
30-H15 1 30+6,10,15 10-45 
E: (3), (B.109) 
(304-15 1 /,,(30+6,10,15) (10+5) 
Han (T): 2 .. = EE (r/3)) ; 
30--15 1 30+6,10,15 10-45 
ə (T) := 2 (HA? lz ne (7/3) ; 
30+15 10+5 
Hs (7) = --İİHİAS” (7/3) 


B.3.22 Z= 30+ 6,10,15, X = Ej 


We have m* = 30, and G(30*6.10.15) — GX ~ Ss. The umbral McKay-Thompson series H(30+6,10,15) 
is a 60-vector-valued function with components indexed by r € Z/60Z. We have 


730461015) if p= +1, 11,319,429 mod 60, 


g. 
H(99r61049) (p) = y p Fy OH61015) if p = £7,413, 17, 4-27 mod 60, (B.110) 


0 else, 
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so it suffices to specify the H( 6045) for r = 1 and r = 7. These functions may be defined as 


follows. 


mu - EO. y + y (1) Htm g (+? em?) 24261 Ham) (Hem) [213/40 


k,lm>0 — k,lym<0 


30+6,10,15 1 k+m 3k24m2 /2+4km+(2k4 
m. ).— 2 y _ y (“1)FFmq3 m? /2+4km+(2k+m)/2+3/40 


n(27) k,m>0 k,m<0 
30+6,10,15) . N(T) k 15k? /243k/2+3/40 
evel = —2 a > (-D* /243k/24-3/ 
lar) — 
30+6,10,15 1 HA 24724m2)/24 4 
Hu. .— Er: y d > (1) l m glk 124m?) /24+2(kl+lm+mk)+3(k+1-+m)/2+27/40 


k,lm>0 — k,lym<0 


30+6,10,15 1 k+m_3k24+m2 /2+4km+3(2k 
Hi ) 9 Y E Y (1) m gk? +m /24+4km+3(2k+m)/2427/40 


k,m>0 k,m<0 


ar) 


H 30--6,10,15) _ 2 n(r) -——- 


keZ 
(B.111) 


B.3.23 /=46+23, X = Doy 


We have m” = 22, and G(46+?3) = fe). The umbral McKay-Thompson series qee) — (n 6*29) 


is a 92-vector-valued function with components indexed by r € Z/92Z. We have ' en = 


-H 77 and m = 0 for r = 0 mod 2, so it suffices to specify the HU” for r odd. 


Observing that 1 ——H 7 we may determine Ber by requiring that 
: 464-23 
BPP) (7, 2) = -2ipp o z) + DI e(r/2)H y (Maja (r z), (B.112) 
rCZ4-1/2 
r mod 23 


where d 2) is the meromorphic Jacobi forms of weight 1 and index 23/2 defined by setting 
01 (T, 62) 


(23/2) .— 9; 
a = Pig asy 82)" 


(7). (B.113) 


B.4 Rademacher Sums 


Let Te, denote the subgroup of upper-triangular matrices in SL2(Z). Given a € R and y € SI2(Z), 
define rov, T) := 1 if y € lo. Otherwise, set 


n T) := e(—atyr — yoo (2mia(yr — yo9))"*12 
an7) = e(-a(yr — y yə. T(n 13/2) l (B.114) 
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where e(x) := e27**. Let n be a positive integer, and suppose that v is a multiplier system 
for vector-valued modular forms of weight 1/2 on T = To(n). Assume that v = (vij) satisfies 
vii(T) = e™/?™, for some basis (ej), for some positive integer m, where T = (11). To this data, 


attach the Rademacher sum 


F T. ; -1/4m 
Rp,(r):— lim > v(y)e (E) e1j(y, r) FH I(y,7), (B.115) 
YE We kə 


where De ge := ((25) ET |0<c<K, İdi < K?), and j(y,7) := (er + d) ! for y = (25). If 
the expression converges then it defines a mock modular form of weight 1/2 for T whose 
shadow is given by an explicitly identifiable Poincaré series. We refer to for a review of this, 
and to [53] for a more general and detailed discussion. 

Convergence of can be shown by rewriting the Fourier expansion as in Theorem 2] 
in terms of a sum of Kloostermann sums weighted by Bessel functions. This expression converges 
at w = 1/2 by the analysis discussed at the end of following the method of Hooley as adapted 
by Gannon. That analysis requires not only establishing that the expressions converge, but also 
explicitly bounding the rates of convergence. 

For the special case that X = Ağ we require 8-vector-valued functions go = a forge G* 


with order 3 or 6. For such g, define FO), for 0 € r € 9, by setting 


0, if r 20 mod 3, 
—03 3(T, 0), ifr= 3, (B.116) 
63 o (rT, 0), ifr= 6, 


iG} (r): 


in the case that g has order 3, and 


0, ifr#0 mod 3, 
-03.3(T, 0), ifr= 3, (B.117) 
—03 o (r, 0), ifr= 6, 


i£ (z): 


when o(g) = 6. Here 0,n,r(7, z) is as defined in (B.5). 
The following result is proved in [17], using an analysis of representations of the metaplectic 
double cover of SL2(Z). 


Theorem B.1 ([[7]). Let X be a Niemeier root system and let g € G*. Assume that the 
Rademacher sum R (n), px CONVerges. If X Z Ağ, or if X = Aj and g € G does not satisfy 
ng 


o(g) =0 mod 3, then we have 


"TX X 
HX (r) = -2R ox: (B.118) 


If X = Ağ and g € GZ satisfies o(g) — 0 mod 3 then 
Hor) " NS (T) + tp (7). (B.119) 
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The X = A? case of Theorem [B.I] was proven first in [12], via different methods. 
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